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standard Lambda-Cold Dark Matter model on cosmological scales. We begin with a brief survey of the
DM problem and note the various challenges posed to Cold Dark Matter (CDM) on small, galactic scales,
especially the empirical scaling relations for disk galaxies. We then study the theory of superfluid DM to
see how it can provide a solution to these small-scale challenges. The superfluid phonons are described
by a MOND-like Lagrangian and mediate a MONDian acceleration between baryons. We then derive the
finite-temperature equation of state of DM superfluids with 2-body and 3-body contact interactions. The
calculation uses a self-consistent mean-field approximation and relies on the Hartree-Fock-Bogoliubov
approximation. Crucially, our approach uses the recent Yukalov-Yukalova proposal of using two chemical
potentials to circumvent the well-known Hohenberg-Martin dilemma. Next we propose a theory of DM in
which the MOND empirical law is the result of short-ranged interactions between baryons and ‘BaryonInteracting Dark Matter’(BIDM), which heat up the DM. Following a bottom-up, hydrodynamical approach,
we find that the MOND empirical law follows if: i) the BIDM equation of state approximates that of an
ideal gas ii) the BIDM relaxation time is order the Jeans time; iii) the heating rate is inversely proportional
to the BIDM density. Subsequently we revisit the problem of describing a BEC through a scalar field
exhibiting spontaneous symmetry breaking. We perform a self-consistent relativistic calculation using the
techniques of thermal field theory to resolve this problem in the two chemical potential framework.
Finally, we work out the effective field theory description of a superfluid at temperatures close to zero,
starting from the microphysics of a Bose gas having n-body contact interactions.
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abstract
Novel Theories of Dark Matter

Anushrut Sharma

Justin Khoury

The primary aim of this thesis is to explore new theories of dark matter (DM) that reproduce
the MOdified Newtonian Dynamics (MOND) phenomenology on galactic scales while preserving the
success of the standard Lambda-Cold Dark Matter model on cosmological scales. We begin with a
brief survey of the DM problem and note the various challenges posed to Cold Dark Matter (CDM)
on small, galactic scales, especially the empirical scaling relations for disk galaxies. We then study
the theory of superfluid DM to see how it can provide a solution to these small-scale challenges. The
superfluid phonons are described by a MOND-like Lagrangian and mediate a MONDian acceleration
between baryons. We then derive the finite-temperature equation of state of DM superfluids with
2-body and 3-body contact interactions. The calculation uses a self-consistent mean-field approximation and relies on the Hartree-Fock-Bogoliubov approximation. Crucially, our approach uses the
recent Yukalov-Yukalova proposal of using two chemical potentials to circumvent the well-known
Hohenberg-Martin dilemma. Next we propose a theory of DM in which the MOND empirical law
is the result of short-ranged interactions between baryons and ‘Baryon-Interacting Dark Matter’
(BIDM), which heat up the DM. Following a bottom-up, hydrodynamical approach, we find that
the MOND empirical law follows if: i) the BIDM equation of state approximates that of an ideal
gas ii) the BIDM relaxation time is order the Jeans time; iii) the heating rate is inversely prov

Abstract
portional to the BIDM density. Subsequently we revisit the problem of describing a BEC through
a scalar field exhibiting spontaneous symmetry breaking. We perform a self-consistent relativistic
calculation using the techniques of thermal field theory to resolve this problem in the two chemical
potential framework. Finally, we work out the effective field theory description of a superfluid at
temperatures close to zero, starting from the microphysics of a Bose gas having n-body contact
interactions.
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Introduction
Over the last two decades the Λ-Cold Dark Matter (ΛCDM) model has emerged as the standard
model of cosmology. It is comprised of a vacuum energy component (Λ) as dark energy, which is
responsible for the late-time acceleration of the universe, and a cold dark matter (DM) component
that drives the formation of the large scale structure. Together these two dark components make
up 95% of the total energy budget of the universe. The ΛCDM model has successfully passed
an impressive number of observational tests, from precise observations of the cosmic microwave
background (CMB) [17, 22, 215] and the large scale structure [8, 24, 121, 163, 326, 411], to the
distance estimates of Type Ia supernovae [7, 47, 77, 123, 207, 358, 378, 404, 436].
Despite the empirical success of the model, it is humbling to remember that the fundamental
nature of the dark components remains unknown. In this thesis, we will be specifically concerned
with the particle physics nature of DM. In Sec. 1.1 we will review the empirical evidence for the
existence of DM coming from a wide variety of observations. The CDM model was first proposed
in the 1980s in a series of important papers [80, 81, 86, 134, 338]. The ‘cold’ moniker refers to the
fact that the DM particle of mass m, assuming it was in thermal equilibrium with ordinary matter
in the early universe, decoupled from the thermal bath while it was already non-relativistic, i.e., at
a temperature T  m. In this case the low velocity dispersion of DM particles allow structures to
form down to sub-galactic scales. In contrast, ‘hot’ (T  m) or ‘warm’ (T ∼ m) DM results in a
1
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suppression of density inhomogeneities on small scales. As numerical simulations and cosmological
observations improved in the late 80s and early 90s, it became increasingly clear that CDM offered
a better description of the large scale structure.1
A virtue of CDM from a fundamental physics standpoint is that many different particle candidates can behave cosmologically as CDM. A prime example is that of weakly interacting massive particles (WIMPs), with masses in the approximate range 100 GeV to 1 TeV and weak-scale interactions,
whose relic abundance is in good agreement with the inferred DM density. This coincidence, known
colloquially as the “WIMP miracle”, played a role in the emergence of CDM [53, 76, 157, 235, 401].
Furthermore, a variety well-motivated extensions of the Standard Model to address the weak hierarchy problem, in particular supersymmetry, generically offer WIMP candidates.
It is important to bear in mind, however, that CDM is not restricted to WIMPs. Axions, in
particular, are light, pseudo-scalar particles that are produced cosmologically out-of-equilibrium and
are too feebly interacting to ever thermalize with themselves or with ordinary matter. The QCD
axion, in particular, is a well-motivated extension of the Standard Model aimed at addressing the
strong CP problem. As reviewed in [164, 382], they form a Bose-Einstein Condensate (BEC), which
is accurately described by a classical scalar field. Nevertheless, for cosmological purposes, axions
act as CDM to an excellent approximation.
In recent years, the lack of a positive direct detection signal in favor of WIMPs, in conjunction
with the absence of new physics beyond the Standard Model at colliders, has spurred a boom in
the theoretical research on the nature of DM [2, 3, 15, 23, 33, 40, 42, 46, 176, 181, 388]. These
include primordial black holes [112], strongly-coupled Composite DM [65, 124, 253], light DM such
as Gravitinos [400] and Sterile Neutrinos [147], as well as Ultra-Light axion-like particles, including
the QCD axion [336] and fuzzy DM [223, 226]. As shown in Fig. 1.8, DM candidates span a mass

1 The case of ‘warm’ DM remains of interest, particularly as a benchmark against other DM models that
suppress structure on small scales.
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range from 10−23 eV to a few solar masses. In Sec. 1.2 we will summarize some of the developments
on the particle physics side and review the constraints that have been put on DM candidates through
various observations. In Sec. 1.3 we will briefly review the detection techniques for DM.
One of the main challenges in DM model building is to address the entirety of phenomena
associated with DM. The evidence in favor of DM can broadly be classified into two categories —
cosmological or large scale on the one hand, and galactic or small scale, on the other. On cosmological
scales, CDM has been stunningly successful at explaining a host of observations. As reviewed in
Secs. 1.4 and 1.4.2, however, the situation is murkier on smaller, galactic scales. Most conservatively,
it is clear that the complex physics associated with star formation, gas cooling etc., known as baryonic
feedback processes, must play a key role in explaining observations. Indeed, the baryonic and DM
mass distributions in rotationally-supported galaxies are tightly correlated, an empirical observation
known as the Mass Discrepancy-Acceleration-Relation (MDAR) [188, 268, 287, 288, 369]. Explaining
the origin of the MDAR and other small-scale challenges within well-motivated DM theories, while
preserving the success of CDM on large scales, is one of the goals of this thesis.

1.1

Observational Evidence of DM

The vast majority of the cosmology community today strongly believes in the existence of DM. In
this section, we shall go through the observational evidence responsible for this development. For a
review see [365].

1.1.1

Galaxies

One of the oldest pieces of evidence in favor of DM comes from the study of galaxy rotation curves.
Zwicky, while studying the Coma cluster in the 1920s and 30s [448], arrived at the conclusion that
the vast majority of its constituent matter must be non-luminous and used the term ’Dark Matter’ to

3

Chapter 1. Introduction
describe it. Subsequently, Babcock carried out a study of M31’s (Andromeda’s) rotation curve and
was led to the conclusion that the orbital velocity, v, became nearly constant in the outer parts [51].
However, it was only after the seminal paper by Rubin and Ford [366] in 1970, in which they studied
the outer parts of the Andromeda galaxy, that the idea of DM began to be taken seriously.
The theoretical prediction for the orbital velocities of stars relies on using the gravitational force
from the galaxy to act as the source of the centripetal force on a star at some distance r from the
center of the galaxy. Though the exact prediction would depend on the matter distribution in a
galaxy, we can get a reasonable idea by studying the behavior of stars that are significantly far away
from the center of the galaxy so that they experience a gravitational pull from roughly the entire
mass M :
v2
GM
=
.
r2
r

(1.1)

√
Since M asymptotically approaches a constant, we obtain the familiar Keplerian fall-off v ∝ 1/ r.
In contrast, observations of the orbital velocities of stars instead show that v asymptotically approaches an approximately constant value. Within the context of standard Newtonian gravity, this
suggests the presence of some additional matter extending, at least, up to the distance at which
these measurements are done. The density distribution of this missing matter must scale roughly
as ρ ∼ 1/r2 , to ensure that M (r) ∼ r and therefore v ' constant. Influential papers by Ostriker
and Peebles [325] and by Einsato et al. [159] showed that this asymptotic behavior of the orbital
velocities of stars continues to hold even past the boundary of the galactic disk of visible luminous
matter. Subsequent observations [131] have made the galactic rotation curves one of the central
aspects of the DM problem.
Another indication of DM from galaxies comes from studying their stability. It was shown by
Ostriker and Peebles in [324] that an N-body simulation of a galactic disk is unstable, whereas
models with an added spherical DM halo component were more stable. Since then simulations have
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Figure 1.1 Galaxy rotation curves showing the approach of asymptotic rotational velocity towards
a constant instead of the naively expected Keplerian decline. Figure taken from [391].

Figure 1.2 Milky Way’s rotation curves from GAIA showing flat asymptotic behavior for two azimuthal slices: [-30,0] degrees (left) and [0,30] degrees (right). The curves correspond to different
layers as measured perpendicular to the disk and defined in the legend. Figure taken from [131].
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established convincingly that spiral galaxies are surrounded by halos of DM much larger in size than
their galactic disks. Furthermore, the mass density profile is well-approximated by the so-called
Navarro-Frenk-White (NFW) profile [313]:
ρs
ρNFW (r) =   
 2  ,
r
1 + rrs
rs

(1.2)

where rs is the scaling radius, and ρs is the scaling density. This profile scales as 1/r in the central
region (r  rs ) and asymptotes to 1/r3 in the outer region (r  rs ).

1.1.2

Cosmic Microwave Background

The Cosmic Microwave Background (CMB) is one of the most important predictions of Big Bang
Cosmology [30, 183]. These are relic photons emitted during the epoch of recombination, which
were subsequently free to propagate over cosmological distances due to decoupling from electrons.
These twin processes of recombination and decoupling roughly occur at redshifts of 1300 and 1100,
respectively, when the universe was approximately 300,000 years old. A detailed description of this
thermal history can be found in a textbook, e.g., [251, 332]. The CMB, is a nearly ideal black body
and was first observed in 1964 [341].
The early universe witnessed a tug of war between gravity, which tries to pull matter together,
and radiation pressure, which has the opposite, restoring effect. This is the well-known physics
of the Jeans instability. The interplay of gravity and pressure created density perturbations that
propagated like sound waves and gave rise to what are called Baryon Acoustic Oscillations (BAO).
An increase in the local density of plasma through compression also led to an increase in the
temperature of photons and vice versa. At recombination, these acoustic oscillations in the photonbaryon plasma froze and left an imprint as temperature anisotropies of the CMB. Thus, while the
CMB is almost perfectly isotropic with a temperature of ' 2.7255 K, inhomogeneities of the order
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Figure 1.3 Recent image of the CMB from the Planck collaboration in 2016. While early imaging
of the CMB by COBE showed a very uniform CMB, subsequent images by WMAP and then by
Planck were able to measure the thermal anisotropies to great precision, as shown in the figure.
Figure taken from [12].
δT /T ∼ 10−5 are observed. These are shown in Figure 1.3, and their temperature angular power
spectrum is plotted in Fig. 1.4.
The anisotropy peaks in the CMB temperature spectra shown in Fig. 1.4 are affected by the six
independent parameters of the ΛCDM model: the fractional mass density in baryons Ωb ≡
the fractional mass density in DM Ωc ≡

8πGN ρc
,
3H02

8πGN ρb
,
3H02

the dimensionless variable h defined in terms of

the Hubble parameter as H0 = 100 h km s−1 Mpc−1 , the reionization optical depth parameter τ ,
and the two parameters ∆2R and ns describing the amplitude and spectral tilt of the primordial
perturbation spectrum.
The best-fit values of these cosmological parameters are obtained by fitting the ΛCDM model
to the entire CMB spectrum. To give some intuition, it is helpful to briefly describe the impact of
a few parameters on some of the main features of the spectrum. The position (in ` space) of the
first acoustic peak is sensitive to the spatial curvature of the universe, since it corresponds to the
angle that the sound horizon at z ∼ 1300 subtends on the sky. The second peak, unlike the first
one, represents a rarefaction in the baryon-photon plasma. As we increase the baryon density, the
7
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Figure 1.4 Temperature power spectrum of the CMB showing the angular thermal anisotropies. The
first few harmonic peaks, which occur at multiples of roughly l ≈ 200, give us a lot of information
about the universe, including it’s baryonic and dark matter content. Figure taken from [17].
intensity of the compressions increases while having a smaller effect on the rarefactions. Hence, the
ratio of the amplitudes of the second peak to the first is sensitive to Ωb h2 , the density parameter for
baryons. Lastly, if the radiation density dominates the dark matter density, then the oscillations of
the baryon-photon plasma have a large effect on the pre-existing gravitational well of DM. In that
case, as the amplitude of oscillations increases, the potential decays. Moreover, the modes with a
higher value of ` represent smaller wavelengths and start oscillating first when the energy density
of radiation in the universe was higher. As the energy density of radiation falls faster than that of
non-relativistic matter, this effect will only play out for large ` and will depend on the ratio of the
energy densities of radiation and that of DM. Finally, knowing the radiation density from the CMB
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allows us to calculate the density parameter for DM, Ωc h2 .
The best-fit determinations of Ωb and Ωc from the Planck Collaboration 2018 results are [17]
Ωb h2 = 0.02237 ± 0.00015 ;

(1.3a)

Ωc h2 = 0.1200 ± 0.0012 .

(1.3b)

Remarkably, this value for Ωb is in good agreement with the value calculated using the abundance
of light elements from Big Bang Nucleosynthesis (BBN) [377]. This establishes that the DM content
of the universe is more than five times that of baryons.
Even though this piece of evidence was chronologically discovered after the galactic rotation
curves, the stunning success of the ΛCDM model in explaining the CMB is today the strongest
indicator in favor of DM.

1.1.3

Large Scale Structure

The evidence for DM from Large Scale Structure (LSS) can be divided into two parts — evidence
from the matter power spectrum (MPS) and that from numerical simulations. The MPS, denoted
as P (k), is an essential mathematical tool for describing the statistics of density inhomogeneities.
To define P (k), we start with the definition of an overdensity
δρ (~x, t) =

ρ(~x, t) − ρ̄
,
ρ̄

(1.4)

where ρ̄ is the mean (cosmological) density. The density auto-correlation function is
ξ(~r) =

1
V

Z

d3 ~x δρ (~x)δρ (~x − ~r) ,

(1.5)

where V is the volume of a large region of space. The matter power spectrum is defined as the
Fourier transform of ξ(~r),
Z
P (k) =

~

d~r ξ(~r)e−ik·~r ,
9

(1.6)
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and it quantifies the difference between the local density and the mean density of the universe in
terms of an inverse length scale. Due to the homogeneity and isotropy of the universe on large scales,
P (k) depends only on the magnitude of k.
There are two ways of determining P (k) with observations. The first way is to derive the
correlation function of matter using the distribution of galaxies in a huge region of space.The SDSS
used data from more than 200,000 galaxies in their 2013 release [36] and from more than 1.2 million
galaxies in their 2017 release [24]. The recently released data from the DES utilized more than
100 million galaxies for analyzing the LSS to create the largest and the most accurate map of the
universe’s galaxy distribution as of yet [8].
The second way to determine P (k) uses the so-called Lyman-α forest, i.e., the absorption spectra
of distant quasars that corresponds to the Lyman-α line. Quasars are incredibly luminous objects
that can be observed out to redshift z ∼ 7. The light emitted by quasars, as it redshifts and
acquires a wavelength comparable to the Lyman-α line, is absorbed by the neutral hydrogen in the
intergalactic media [274]. This creates a “forest” of absorption lines in the continuous spectrum of
background quasars. Hence, the absorption spectrum of a single quasar allows one to determine
the density map of the intergalactic medium along the line of sight. Combining data from multiple
quasars allows a reconstruction of the density map of the universe [285, 286]. Figure 1.5 shows the
MPS obtained from a variety of cosmological observations.
Similar to the CMB, the theoretical prediction of P (k) depend on the various density parameters.
The observed power spectrum cannot be explained by considering a universe in which baryons
constitute the only matter content [6, 8, 121, 161, 410, 411]. As shown in Fig. 1.5, the ΛCDM model
provides an excellent fit to this observed curve [16].
The other key piece of evidence for the existence of DM comes from numerical simulations of
the LSS. In order to appreciate this piece of evidence, we need some understanding of the early
universe. As we saw in the Sec. 1.1.2, photons and baryons were tightly coupled in the early
10
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Figure 1.5 Matter power spectrum of the universe with data points from a variety of cosmological
probes. Figure taken from [16].
universe in the form of a plasma. This interaction with photons prevented baryons from becoming
overdense and subsequently collapsing into gravitational wells. In contrast, DM, which does not
interact with photons, was able to undergo the usual Jeans collapse and form gravitational wells, at
least from matter-radiation onwards. After recombination/decoupling, baryons were free to fall in
the pre-existing gravitational wells. Such wells would of course be absent without DM, hence the
gravitational collapse of baryons would take place at a much slower rate, resulting in less evolved
structures in our present universe.
An analytic treatment of this complicated evolution can only be carried out to a limited extent,
when perturbations are small and their equations can be linearized. To probe the full extent of
the non-linear regime, N-body simulations are necessary to compare observations with theory. An
important piece of evidence in favor of DM was first shown in simulations in [134] and subsequently
confirmed by [93, 373, 395, 428]. These simulations are consistent with observations for cold or at
most partly warm DM, i.e., it must be either non-relativistic or can at best be semi-relativistic [139].
11
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Warm Dark Matter (WDM), which is relativistic, suppresses the growth of structure on small
scales because its relativistic velocity dispersion implies that particles can “free stream” out of
overdensities.

Figure 1.6 Galaxy distribution (red) of over 10,000 galaxies observed by the SDSS compared with
the Millenium simulation (blue). Figure taken from [395].

1.1.4

Gravitational Lensing

One of the key predictions of Einstein’s theory of General Relativity (GR) is the bending of light in
the presence of energy/matter, known as gravitational lensing. As light follows null geodesics, any
perturbation in the metric due to the mass distribution bends their otherwise straight-line trajectories. When light passes close to a very massive object, in particular, this bending is observationally
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significant because the change in the metric increases linearly with the mass of the object. The
earliest confirmation of GR was Eddington’s celebrated observation of an apparent change in the
position of stars, by about 1.7◦ , during a 1919 solar eclipse [156].
Gravitational lensing effects can be broadly divided based on the extent of distortion. If the
gravitational potential is sufficiently weak such that Φ/c2  1, then we have weak lensing in which
the apparent shape of luminous objects is distorted. This produces a sheering effect through which
circular galaxies appear to have an ellipsoid shape. Besides distortion, weak lensing also leads to an
apparent magnification of the of the source. Since both these effects, cosmic shear and magnification,
are affected by the mass of the lensing object, through a statistical analysis of a sample of galaxies
along the line of sight, we can reconstruct the gravitational potential.
If the gravitational field is strong such that Φ/c2  1, the degree to which light bends can be
quite large and we have strong lensing. While for weak lensing we can simply perturb the Minkowski
metric to understand the deviation of light rays, the full non-linearities of GR are necessary to
calculate the angular deflection for strong lensing. In this case there can be more than one null
geodesic connecting the source to the observer. This can lead to an Einstein ring, that is, a point
source appearing as a ring due to strong lensing. Similar to weak lensing, this can be used to
estimate the mass of the lens, but this time by observing the angular size of the Einstein ring.
Gravitational lensing of galaxies and galaxy clusters is a key tool for inferring DM since it gives us
essentially direct information about the total matter distribution. On the other hand, the baryonic
mass distribution can be estimated from electromagnetic observations. Discrepancies between these
two observations give us the distribution of DM. Lensing observations indicate the presence of
extended DM halos surrounding the observable, luminous baryonic matter in galaxy clusters and
galaxies. Measurements of both weak lensing [6, 8, 60, 217, 294] and strong lensing [359], most
recently by the Dark Energy Survey [8], carried out over the last couple of decades provide another
strong piece of evidence in favor of DM.
13
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Figure 1.7 Left: The galaxy cluster 1E 0657-558, popularly known as the Bullet Cluster. X-Ray
imaging from Chandra shows the two pink lumps while most of the matter through lensing is shown
in the two blue clumps. Right: Mass density contours obtained through lensing shown in green
superimposed on an optical image from the HST [119]. Figure taken from [140].
The observation of the ““Bullet Cluster” 1E0657- 57 offers one of the most spectacular evidence
in favor of DM from gravitational lensing [119]. This system, shown in Fig. 1.7, is the aftermath of
a collision of two galaxy clusters. The hot baryonic gas (in pink) [278], which makes up & 90% of
ordinary matter in clusters, is observed through its X-ray emission. The gas is slowed down by ram
pressure. The DM distribution, on the other hand, is expected to propagate through unscathed.
Individual galaxies in the clusters, which are observed optically and only account for 10% of ordinary
matter, behave essentially as point particles and also go through unscathed. The remarkable result
is that lensing peaks (in blue), which presumably trace the dominant matter contribution (i.e., DM),
overlaps with galaxies, consistent with the existence of large DM component. This system poses an
acute problem for any modified theory of gravity that hopes to explain the “missing mass problem”
without DM, since one would naively expect in this case that the lensing signal should overlap with
the baryonic gas, i.e., the dominant ordinary matter component. Since then, many other merging
cluster systems have been discovered [213].
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1.2

Dark Matter Candidates

Having reviewed the evidence in favor of DM, we now briefly turn towards the particle physics side
of DM. A successful model of DM must account for a non-baryonic component that is nearly five
times as abundant as ordinary baryonic matter. Beyond that, the observations that suggest the
existence of DM also place certain constraints on the possible theories of DM by demanding the
following properties:
1. DM needs to be stable enough to survive on a time scale at least of the order of the current age
of the universe. More precisely, constraints from recent observations indicate that the lifetime
of CDM should be greater than 160 Gyr [48].
2. Observations from the Bullet-like merging clusters [213] and cosmological simulations of DM
halos [343] place an upper limit on the (velocity-independent) cross section of DM selfinteractions, σ/m . cm2 /g. )
3. Analyzing the influence of randomly oriented magnetic fields in a galaxy cluster on the motion
of DM particles, we obtain an upper limit on the charge to mass ratio of DM of q/m .
10−14 e/GeV [236].
4. To ensure structure formation and to prevent the density perturbations in the early universe
from being wiped out, we know that DM cannot be hot (relativistic). This places the condition
that any type of DM should either be cold (non-relativistic) or at most partly warm (semirelativistic). DM particle mass . 2 keV has been excluded for Warm Dark Matter [349, 426].
5. The mass of the DM particle can be bounded below by requiring that sufficiently many particles
can be packed per unit phase space. If DM is a fermion, such as sterile neutrinos [147],
the limiting factor is Pauli’s exclusion principle, which results in the famous Gunn-Tremaine
bound [415]. The tightest bound comes from dwarf galaxies: mfermion & 0.7 keV [221]. If DM
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is a boson, on the other hand, the limiting factor is the uncertainty principle, resulting in
the much weaker bound, mboson & 10−23 eV. This bound is saturated in so-called fuzzy DM
models [223, 226].
Over the years, a number of DM models have been proposed and span a stunningly wide range of
mass scales. Some of the popular ones are shown in Fig. 1.8: Primordial Black Holes [112], stronglycoupled composite DM [65, 124, 253], WIMPs [76, 157, 235, 401], light DM such as gravitinos [400]
and sterile neutrinos [147], and Ultra-Light DM such as the QCD axion [336] and fuzzy DM [223, 226].
While we will not discuss most of these models in this thesis, for completeness we briefly review the
two most popular classes of DM candidates, namely WIMPs and axions. The latter example will
be particularly relevant to the rest of this thesis.

Figure 1.8 A pictorial depiction of some of the popular DM models along with their respective mass
scales. Figure taken from [177].

1.2.1

WIMPs

A number of questions regarding the DM problem can be successfully answered if DM is made of
WIMPs or Weakly Interacting Massive Particles. In this model, the evolution of DM particles is
similar to that of the SM particles in that WIMPs are in thermal equilibrium with the SM particles.
They, however, decouple at an early stage of the universe’s thermal evolution so as to reproduce the
observed DM relic abundance [53, 76, 157, 235, 401].
Suppose the DM particles χ are in equilibrium with standard model particles, p, through χ +
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χ ←→ p + p. The DM number density, nχ , will evolve according to the Boltzmann equation
dnχ
+ 3Hnχ = −hσvi(n2χ − n2χ,eq ) ,
dt

(1.7)

where hσvi is the thermally averaged annihilation cross-section and nχ,eq is the equilibrium WIMP
number density. At high temperatures, T >> mχ , the interaction rate satisfies Γ = nχ hσvi &
H which ensures that the WIMP annihilation rate is sufficient for equilibrium with the inverse
process that creates WIMPs. However, the non-relativistic equilibrium number density goes as
nχ,eq ∼ (mχ Tf )3/2 e−mχ /Tf and as the universe expands and cools down, the number density falls
making the annihilation rate insufficient to ensure equilibrium and the WIMPs decouple from the
SM thermal bath. This is called freeze-out and it happens when Γ(Tf ) ∼ H(Tf ).
It is more convenient to work in terms of variables Y ≡ nχ /s and x ≡ mχ /T . The entropy is
related to the temperature as s ∼ T 3 and hence Y gives the number density per comoving volume.
The non-relativistic equilibrium number density can be written as
Yeq (x) ∼ x3/2 e−x .

(1.8)

Assuming radiation dominance, the Hubble parameter scales as H ∼ T 2 /Mpl and the freeze-out
condition becomes
1/2 −xf

xf

e

∼

1
.
mχ Mpl hσvi

(1.9)

Assuming the WIMP annihilation cross-section is comparable to weak interactions,
hσvi ∼ α2 GF ,

(1.10)

where α = 1/137 is the fine-structure constant and GF ∼ 10−5 GeV−2 is the Fermi coupling constant.
Substituting this in (1.9), we get xf ' 25 for mχ ∼ 100 GeV. Thus, WIMPs freeze-out when they
(0)

are non-relativistic. The present-day WIMP mass density, ρχ is
(0)
(0)
ρ(0)
,
χ = mχ nχ = mχ Yf s
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where s(0) is the present day entropy and we have used the fact that Y remains constant after
freeze-out since both nχ and s scale as a−3 . Yf is further given by
Yf ∼

xf
.
mχ Mpl hσvi

(1.12)

This allows us to calculate the present-day WIMP critical density,
2



Ωχ h ' 0.1

3 × 10−26 cm3 /s
hσvi


.

(1.13)

The typical weak interaction cross-section is σ ∼ 10−9 GeV−2 ' 10−26 cm3 /s which leads to an
observed WIMP relic density that is of the order required by DM observations. This is known as the
WIMP miracle. The relic density is inversely proportional to the annihilation cross-section since the
larger the cross-section, the longer WIMPs are coupled to the SM thermal bath which reduces their
number density. This effect is shown in Figure 1.9. WIMPs are well motivated from supersymmetry
where the lightest neutralino yields a viable DM candidate [175, 235].

1.2.2

Axions

The QCD axion was proposed to solve the strong CP problem in QCD by Peccei and Quinn in
1977 [337] with important theoretical advancements by Weinberg [432] and Wilczek [434]. The
QCD sector of the SM Lagrangian allows a non-perturbative, CP-violating term of the form
L ⊃ θ̄

αs µν,a e a
G
Gµν ,
8π

(1.14)

e aµν is its dual, while θ̄ is the QCD angle. The latter can
where Gµν,a is the gluon field strength, G
take any value between 0 and 2π since there are no constraints on it from symmetry. Experimental
bounds on the electric dipole moment of neutrons leads to θ̄ . 10−10 [340]. This incredibly low
value of θ̄ implies that we have not observed any violations of the CP symmetry from the strong
sector, and calls into question a problem of fine-tuning. The solution to the CP problem advanced
by Peccei and Quinn relies on dynamically canceling this term against another contribution. This is
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Figure 1.9 Evolution of the WIMP number density in the early universe per comoving volume for
varying cross-sections. Figure taken from [187].
accomplished by postulating a new, global U (1)PQ symmetry which is spontaneously broken by the
chiral anomaly. The Goldstone boson associated with this symmetry breaking is a pseudo-scalar a,
called the axion. It makes the following contribution to the Lagrangian
L⊃

a αs µν,a e a
G
Gµν ,
fa 8π

(1.15)

where fa is the U (1)PQ symmetry breaking scale, thereby promoting the QCD angle to a dynamical
field. The QCD anomaly generates a non-perturbative potential for the axion,



a
V (a) = fa2 m2a 1 − cos θ̄ +
,
fa

(1.16)

hai = −θ̄fa .

(1.17)

which is minimized for
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The axion mass ma can be expressed in the form [56, 245]

ma ' 6 meV

109 GeV
fa


.

(1.18)

Taking into account various astrophysical constraints [5, 246], the allowed range of symmetrybreaking scale is 109 GeV . fa . 1012 GeV, which implies an allowed mass range for the QCD
axion of 10−6 eV . ma . 10−3 eV.

Despite being very light, axions are produced out-of-

equilibrium with very low momentum, hence they offer a good DM candidate [146, 353, 402].
The three main production mechanisms are vacuum misalignment [5, 146, 353], decay of cosmic
strings [61, 135, 209, 427, 438] and domain walls [117, 275, 310]. Since they are very light, axions
must have a huge number density to account for the missing mass. This, together with the fact that
they have small momentum, implies that they constitute a Bose-Einstein Condensate [382]. We will
come back to this fact in Chapter 2.
More generally, other axion-like particles (ALPs) arise in various theoretical contexts as a generalization of the Peccei-Quinn axion. For instance, string theory compactifications feature a large
number of such axions [405]. The potential for ALPs is also of the form (1.16), but the relationship
between ma and fa is in general different from (1.18). Various ALPs with mass . 100 eV are
possible candidates for CDM. One of these is fuzzy Dark Matter (FDM) with an extremely light
mass ∼ 10−22 eV. For a recent review on axion DM see [113].

1.3

Dark Matter Detection

There exist various ways to test experimentally or observationally a particle physics model of DM.
For WIMPs, the three possible detection avenues, shown in Figure 1.10, are:
1. Direct detection by scattering DM off of SM targets.
2. Indirect detection through signals of SM products resulting from annihilation of DM particles.
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Figure 1.10 Schematic illustration of the possible detection channels for a DM particle χ interacting
with an ordinary SM particle, p. Figure taken from [281].
3. Production of DM particles in particle colliders.
For axions and ALPs, entirely different detection techniques must be employed. In this section,
we review the above three detection channels for standard WIMPs and lighter, sub-GeV WIMPs,
followed by a discussion of axion and ALP experimental signals.

Figure
detection
constraints,
from (dotted/dashed)
[125].
Figure 1.11
8: Direct
Summary
of current
(solid)reproduced
and projected
bounds on the spinindependent WIMP-nucleon cross section. Shaded regions denote experimental anomalies, all of
which are in tension with the exclusion bounds. The thick orange line denotes the cross section
below which the experiments become sensitive to coherent neutrino scattering o↵ nuclei [86]. Figure
from [87].
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where ⇤ ⌘

1
J

(ap hSp i + an hSn i) [82]. Here, GF is the Fermi coupling constant, ap(n) is the e↵ective

coupling of the DM to the proton(neutron), and hSp(n) i is the average spin contribution of the proton(neutron). Importantly, the spin-dependent form factor is di↵erent than the spin-independent
form factor—see [82] for further discussion. Notice that the spin-dependent interaction is no longer
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1.3.1

WIMP Direct Detection

The recoil of an ordinary SM particle, like an atomic nucleus, due to the scattering of a DM particle
can be directly observed by sensitive detectors like XENON1T [40] and LUX [23]. These experiments
use inert gases like Xenon, and are buried deep underground in order to prevent any environmental
disturbance. Current constraints are shown in Fig. 1.11.
The basic shape of the excluded regions can be understood with simple physics. Basic kinematics
tell us that the recoil energy of a nucleus due to the impact of a WIMP particle of mass m and
incident velocity v is
Erecoil =

m2 v 2
,
2AmN

(1.19)

where A is the atomic number of the nucleus (A = 130 for Xenon), and mN = 1 GeV is the
nucleon mass. The incident velocity is given by the rotational velocity of DM particles in the
galactic halo, v ∼ 10−3 c. The Xenon100 experiment, for instance, is sensitive to recoil energies
of the order Erecoil & keV, which translates to a lower bound on the DM mass: m & 16 GeV.
This approximately agrees with the sharp rise in the Xenon100 exclusion limit at m = 10 GeV.
Meanwhile, the linear dependence of the exclusion limit above threshold is set by the scattering
rate:
R = Nρ

σ
v,
m

(1.20)

where N is the number of nuclei in the experiment, ρ is the local DM mass density, and σ is the
WIMP-nucleus cross section. (Assuming coherent scattering, the latter is related to the WIMPnucleon cross section via σ = A2 σN .) A given rate sensitivity translates to a lower bound on σN /m,
which explains the linear dependence on m of the exclusion limit. Furthermore, since the rate
increases linearly with N , large-volume experiments are preferred. Over the last few years, SUSY
candidates like the sneutrino have been excluded as the dominant WIMP particle through direct
detection experiments [44].
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Nuclear recoil works effectively for DM particles with masses in the GeV range or larger, as
explained above. In the last decade novel experimental techniques have been proposed and developed to probe sub-GeV DM candidates, in the mass range keV . m . GeV. These rely instead on energy transfer to electron excitation and ionization in semiconducting materials [168].
While data from other direct detection experiments could also prove useful, such as electron recoil
spectra of XENON1T [167, 169], semiconductor detectors are better suited for detecting sub-GeV
DM [166]. Experiments currently use semiconductors such as germanium in Super-CDMS [18] and
MALBEK [193], CaWO4 crystals in CRESST [374] and a skipper-CCD in SENSEI [55]. For a review
on direct detection techniques see [281].

1.3.2

WIMP Indirect Detection

The idea of using gamma-ray telescopes to detect the annihilation of DM particles was first suggested
in 1978 [205, 399]. More than four decades later, gamma-ray searches provide some of the strongest
constraints on the DM annihilation cross-section. The telescopes used for gamma-ray astronomy
are a combination of space-based and ground-based, since each probes different energy regimes.
For energies between 0.01 GeV and 100 GeV, the Fermi Large Area Telescope (LAT) located on
the Fermi Gamma-Ray Space Telescope (FGST) provides the best observations, especially in the
direction of the center of the Milky Way [72, 73, 197]. For higher energies, there are multiple ground
based telescopes like HESS [9], VERITAS [43], MAGIC [21], HAWC [10] and CTA [11].
Annihilation of DM particles can also produce a particle-antiparticle pair of quarks or gauge
bosons and subsequently leptons. This can be detected in terms of charged anomalies in cosmic
rays such as a positron. PAMELA [345] and the Alpha Magnetic Spectrometer [19] are two such
detectors observing charged cosmic rays. Beyond that, even neutrino detectors such as the IceCube
neutrino observatory [4] may notice a signal suggesting the existence of DM. For a review on indirect
detection techniques, see [220].
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1.3.3

Collider Searches

Like neutrinos, if DM can be kinematically produced at particle accelerators, it can leave an imprint
as missing transverse momentum. Since 2008, particle collider experiments at the LHC, in particular
ATLAS, CMS and LHCb, have been searching for missing energy signals from DM production. After
the 2015-2018 LHC Run 2, which yielded ∼ 36 fb−1 luminosity, the data does not show evidence for
the direct production of DM and is consistent with the SM [1, 386, 387]. DM searches will continue
in Run 3, which is scheduled to begin in 2026 and expected to yield a luminosity of ∼ 3000 fb−1 .
For a recent and comprehensive review on collider searches, see [89].

1.3.4

Searches for Axions and ALPs

The QCD axion and ALPs can be probed using entirely different experimental strategies. Interestingly, the QCD axion can couple to photons through the term
Laγγ =

gaγγ
aF µν Feµν ,
4

(1.21)

where F µν is electromagnetic field strength, and Feµν is its dual. Up to a model-dependent order
unity coefficient, the coupling constant gaγγ is given by [449]
gaγγ ∼ 10−13 GeV−1

1010 GeV
.
fa

(1.22)

The majority of axion and ALP searches [165] rely on converting axions to photons, which can
then be detected. Furthermore, most searches rely on axions produced through astrophysical or
cosmological sources. Here we briefly look at some of the prominent searches for axions and ALPs.
The first strategy relies on axions produced in the interior of the Sun through Primakoff conversion [354], resulting in an axion flux towards the Earth [38]. These axions can be converted
into photons in the laboratory in the presence of an electromagnetic field, which would lead to
Bragg patterns on crystalline detectors [101]. Other techniques such as helioscopes can also be ef24
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Figure 1.12 Parameter space for axion-like particles (ALPs), in terms of log gaγγ [GeV−1 ] and
log ma [eV]. Gray and dark green regions are excluded by astronomical observations and laboratory experiments, respectively. The light green region shows the sensitivity of some of the planned
experiments. Figure taken from [165].
fective tools for solar axions. The SUMICO axion helioscope was able to derive an upper limit on
gaγγ < 6.0 × 10−10 GeV−1 for ma < 0.03 eV [228]. The CERN Axion Solar Telescope (CAST), also
looking for solar axions, has put an upper limit of gaγγ < 1.16×10−10 GeV−1 for ma . 0.02 eV [447].
A significant upgrade over CAST is the proposed International Axion Observatory (IAXO), which
should be sensitive to gaγγ ∼ 5 × 10−12 GeV for masses around 0.01 eV, and gaγγ ∼ 10−11 GeV−1
for masses up to 0.25 eV [45].
A second strategy relies on detecting axions of the Milky Way halo. It was shown by Sikivie in
1983 that in the presence of a strong magnetic field, a high-Q microwave cavity, can convert these
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axions into a monochromatic microwave signal [380, 381]. The Axion Dark Matter eXperiment
(ADMX) uses a microwave cavity to detect these axions [151]. Its current run is searching for DM
axions with mass around 3 µeV [95]. The Cosmic Axion Spin Precession Experiment (CASPEr) is
another experiment that is looking for axion DM but in the mass range 10−12 eV . m . 10−9 eV,
which is well motivated by string theory [405]. It uses an NMR to search for time-varying nucleon
dipole moments caused due to interactions with axions [102].
Lastly, light-shining-through-a-wall experiments rely on laboratory photon regeneration instead
of astrophysical sources. In the presence of a strong magnetic field, photons can convert into axions,
which then pass unimpeded through a wall. On the other side of the wall, another magnetic field
can convert these axions into photons, which are then detected [219, 307]. The ALPS experiment
uses this technique and has been able to probe gaγγ down to 7 × 10−8 GeV−1 in the first run [158],
and is expected to reach a sensitivity of 2 × 10−11 GeV−1 [54]. For a recent review of axion and
ALP experimental searches, see [201].

1.4

Small Scale Challenges for CDM

The ΛCDM model has proven to be remarkably successful at explaining observations on cosmological scales. A number of challenges have emerged on smaller, galactic scales, as observations and
numerical simulations have improved in tandem. Indeed, despite being the first systems to provide
definitive evidence of a mass discrepancy, as reviewed earlier, galaxies remain the most difficult to
understand in the ΛCDM context, largely due to complex baryonic feedback processes that play a
role in their formation. It is helpful conceptually to classify the small-scale problems into two broad
categories: “DM-profile challenges” and “DM-baryon scaling relations”. After discussing some of
the more prominent challenges, reviewed in [104], we will turn in Sec. 1.5 to discuss some of the
proposed solutions.
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1.4.1

DM-profile Challenges

Missing Satellites: The Missing Satellites problem was first pointed out in 1999 [249, 305]. Numerical simulations performed using only CDM found that a galaxy of the size of the Milky Way should
be surrounded by about 500 satellites larger in size than Ursa-Minor, i.e., having a mass & 108 M
and size & kpc, orbiting within its DM halo. Subsequent simulations, with better resolutions, have
confirmed this result by showing that, down to the convergence limit, DM halos clump at all masses
without a break in the mass function [185, 203, 255, 396, 397]. Thus one should expect thousands
of sub-halos with Msub > 107 M

in ΛCDM. On the other hand, the number of satellite galaxies

observed until recently is of order 50, down to 300 M , within the Milky Way’s virial radius [150].
While future surveys may reveal the existence of many more ultra-faint dwarfs [210, 247, 414], it
seems unlikely at this point that observations will ever reach O(103 ) satellites. Of course one should
bear in mind that satellite galaxies are observed through ordinary, luminous matter. Therefor a
possible resolution is if low-mass DM halos are systematically less efficient at forming galaxies, such
that halos remain dark below some mass threshold.

Figure 1.13 Actual observations of MW dwarf Spheroidals compared to the estimation from the Via
Lactea II simulation showing Missing Satellites problem. Figure taken from [103].
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Too Big To Fail: A natural solution to the Missing Satellites problem is to assign the largest/most
massive CDM sub-halos to the Milky Way satellites that have already been observed, while ascribing
the failure of smaller sub-halos to host galaxies to tidal effects stripping away their baryons [91].
However, CDM simulations show that the most massive sub-halos are too dense and end up being
incompatible with the dynamics of dwarf spheroidal satellite galaxies [92]. Thus, it can only be the
less massive sub-halos that are hosting the observed Milky Way satellites. This raises the question
— Why should the most massive sub-halos, supposedly “too big to fail”, not host any galaxies?
While the problem was originally posed for satellites of the Milky Way, a similar issue arises for
other satellite galaxies and field dwarf galaxies in the local group [178, 184, 248, 330, 331, 413].

Figure 1.14 Orbital velocity data points of satellite galaxies compared to the rotation curves expected
from simulations. Observations of satellite galxies do not correspond to the most massive sub-halos
as predicted by CDM simulations. Figure taken from [104].

Core-Cusp Problem: CDM-only simulations predict DM density profiles that rise sharply near the
center [315], as shown in Figure 1.15. However, observations of many low-surface brightness (LSB)
galaxies, which are DM-dominated everywhere, are consistent with cored density profiles near the
center [136, 138, 256, 261, 277, 292, 306, 384]. Expressed mathematically, assuming that the mass
density in the central region is a power-law, ρ(r) ∝ r−γ , the NFW simulations yield 0.8 . γ . 1.4,
28

Chapter 1. Introduction
while observations are consistent with shallower profiles in the range 0 . γ . 0.5 [104].

Figure 1.15 Density profiles of NFW-like DM halos at z = 0. Figure taken from [104].

1.4.2

DM-baryon Scaling Relations

A second category of small-scale challenges pertains to the tight empirical scaling relations between
baryonic and DM observables in rotationally-supported (spiral) galaxies. Intriguingly, in spite of the
complexities involved in galaxy formation, baryons and DM in galaxies seem to conspire in various
a priori unexpected ways [342, 368, 420].
Baryonic Tully-Fischer Relation: Historically, the Tully-Fisher (TF) relation is an observed
scaling relation between a galaxy’s luminosity, or stellar mass, and its asymptotic rotational velocity [417]. The classic TF relation only holds when the stellar mass & 109 M

and breaks down for

dwarf galaxies. This is because the stellar mass in dwarf galaxies can be a relatively low fraction
of the total baryonic mass Mb [94]. If we replace the stellar mass with the total baryonic mass,
including the interstellar gas contribution, we obtain a single power-law relation called the Baryonic
Tully-Fisher Relation (BTFR) [289, 293, 328, 423]. The BTFR relates the total baryonic mass Mb
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to the asymptotic rotational velocity,
4
Mb ' GN a0 Vflat
,

(1.23)

where a0 ≈ 10−10 m/s2 is a characteristic acceleration scale.
This relation holds over 5 decades in mass with a remarkably small scatter. To obtain a small
scatter we consider the average circular velocity along the flat part of the rotation curve, Vflat [265,
266]. From Figure 1.16, taken from a recent detailed analysis [266], we can see that the (log-log) slope
of the relation is 3.85 ± 0.09. As described in [266], however, the precise value of the slope depends
on the assumed mass-to-light ratio γ? , and can range between 3.5 and 4. Moreover, matching the
mass-function of DM halos to the luminosity function of galaxies — a procedure known as abundance
matching — one gets a stellar-to-halo mass relation that nicely reproduces the normalization of the
BTFR [142, 145], especially at baryonic masses around 1010 M .

Figure 1.16 Asymptotic velocities versus the baryonic mass of 123 galaxies from the SPARC sample.
The observed tight correlation is called the BTFR. Figure taken from [266].
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The BTFR poses a few challenges to CDM:
3
1. Famously, the spherical collapse model in CDM leads to a power-law relation Mvir ∼ vvir
[303,

403] between the total (virial) mass Mvir and the orbital velocity vvir at the virial radius. While
its possible that the discrepancy in slopes can be alleviated by translating the virial parameters
to the observables Mb and Vflat (probed at much smaller radii), various galaxy formation effects
that influence this translation typically steepen the slope to at most ≈ 3.4 [105, 195]. Imposing
a slope of 4 in the models leads to fine-tuning [421].
2. As shown by [142] using NFW profiles for the assigned DM halos, abundance matching predicts a curvature in the BTFR which is in 3.0σ disagreement with the data. This might be
attributed to large uncertainties in the abundance matching prescription at low masses, but is
definitely problematic at high masses (greater than ∼ 1011 M ) where abundance matching
systematically overpredicts the halo mass of disk galaxies [352].
3. Most importantly, the intrinsically small scatter (only ∼ 0.025 dex for the orthogonal scatter) of
the BTFR is in 3.6σ disagreement with abundance matching expectations [142]. Since feedback
processes involving baryons are inherently stochastic, such a small scatter goes against one’s
expectation.
While some outliers to the BTFR at the low and high-mass ends have been recently pointed out [276,
321] and still need to be confirmed by more observations due to possible systematics (e.g., on the
inclination at the low mass end) or unknowns (e.g., on the asymptotic flat velocity and on the total
gas mass at the high mass end), the tightness of the BTFR for the bulk of low-z, high-quality galaxy
rotation curves remains challenging in the ΛCDM context.
Central Surface Density Relation: The Central Surface Density Relation (CSDR) [267] relates
the central surface density of stars, Σb (0), and the central dynamical surface density, Σdyn (0), which
affects the slope of the rotation curve (see Fig. 1.17).
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Figure 1.17 Dynamical central surface density plotted against the central surface density of stars.
Figure taken from [267]
The CSDR is expressed mathematically as




Σb (0)
Σdyn (0) =
q



 2a0 Σb (0)
πG

for ab  a0 ;

(1.24)

for ab  a0 ,

where ab is the gravitational acceleration due to baryons only according to the usual Newtonian
gravity and Σdyn (0) =

R∞
−∞

dz ρ(~x) is the central dynamical surface density, with z denoting the

coordinate transverse to the disk. Similarly, the baryonic surface density is Σb (0) =

R∞
−∞

dz ρb (~x).

The dynamical central surface density Σdyn (0) is the sum of Σb (0) and the DM central surface
density, ΣDM (0). For a spherically-symmetric DM profile, the latter is defined by
Z
ΣDM (0) = 2

∞

dr ρ(r) .

(1.25)

0

Galaxies for which ab  a0 are called High Surface Brightness (HSB) galaxies, while those for
which ab  a0 are called Low Surface Brightness (LSB) galaxies. Though the dependence on Σb (0)
is different for an HSB compared to an LSB galaxy, knowing the type of galaxy, Σb (0) is sufficient
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to explain the shape of the rotation curve near the center of a galaxy.
For small disk galaxies dominated by DM, the a priori expectation would be that galaxies
at a given maximum velocity scale should display similar rotation curves, because they must be
embedded in DM halos of a similar mass [170, 314]. However, as shown in Fig. 1.18, there is a
significant diversity in the rotation curves of galaxies with a similar asymptotic circular velocity
(and hence a similar total baryonic mass on the BTFR) [137, 264, 406, 408, 419]. In terms of the
central DM densities, differences can range from cuspy NFW-like central profiles as predicted in
DM-only simulations, to very large, constant density cores of DM [323]. However, there is a positive
correlation between the average DM density within 2 kpc and the baryon-induced rotational velocity
at that radius [190]. The circular velocity slope close to the center is thus directly correlated to the
surface density of baryons. In other words, the rotation curve shapes of late-type spiral galaxies are
all similar when expressed in units of disk scale-length [406], and the DM core size correlates with
scale-length [149].

Figure 1.18 Different galaxies with roughly the same asymptotic velocities having rather different
rotation curves. Figure taken from [323].
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Mass Discrepancy-Acceleration Relation: As we saw earlier with the BTFR, the asymptotic
rotational velocity in spiral galaxies can be determined by the baryonic mass of the galaxy. Furthermore, with the CSDR, we saw that the velocity of stars in the central region of galaxies can be
determined by the baryonic central surface density. This raises an obvious question: Is it possible
to know the entirety of a galaxy’s rotational velocity profile knowing only the density profile of
baryons? The answer appears to be yes, and the connection between these two observed quantities
is called the Mass Discrepancy-Acceleration Relation (MDAR). Mathematically it can be expressed
as
gobs =





ab

for ab  a0 ;




√a0 ab

(1.26)

for ab  a0 ,

where, once again, ab denotes the gravitational acceleration due to baryons only. Equation (1.26)
describes a universal scaling relation between the total gravitational field and the Newtonian acceleration generated by baryons at any given radius within disk galaxies. This relation was first noticed
empirically in 1983 by Milgrom [296, 297]. It is straightforward to see that the MDAR implies both
the BTFR (1.23) at large radii and the CSDR (1.24) in the central parts. Despite debates on its
universality [254, 291, 362, 363], the MDAR holds with a remarkably small scatter, as shown in
Fig. 1.19.
Some recent encouraging works have shown how the MDAR might conceivably emerge in the
context of ΛCDM [145, 240, 273, 311, 357]. However, the absence of residuals with radius and the
observed small scatter, which could be entirely driven by observational errors on the inclinations
and distances of galaxies [268, 287], both remain unexplained [141, 145]. Thus it is fair to say that
the normalization and very small scatter of the MDAR remain puzzling in the ΛCDM context [270].
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Figure 1.19 2694 data points taken from 153 galaxies of the SPARC sample show the Radial Acceleration Relation. Figure taken from [270].

1.5

Solutions to Small Scale Challenges

A number of popular solutions have been proposed to deal with the small-scale challenges to CDM
discussed in Sec. 1.4. In this Section we briefly review three broad classes of solutions, from the
most conservative to the most radical.

1.5.1

Baryonic Feedback

Hydrodynamical simulations can modify the DM density profile due to baryonic feedback and convert
DM cusps into cores [179, 199, 283, 312, 320, 356]. The effects of feedback depend on the total
stellar mass in a galaxy [144, 200]. Only if there are sufficiently many supernovae can the DM be
efficiently redistributed to give rise to a central core. This happens in simulations if the ratio of
stellar mass to DM mass is greater than 10−4 , and thus cannot address the problem in ultra-faint
dwarfs and some classical dwarfs. On the flip side, if there are too many baryons in the central
part, they can drag the DM back in, thereby exacerbating the problem. This can lead to an issue
of fine-tuning [66, 154, 282, 334]. Meanwhile, other simulations continue to show the core-cusp
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problem [87]. Ultimately, simulations with higher resolution will be necessary to settle this debate.
Numerical simulations also show that interactions between the host galaxy and satellites can lead
to a decrease in the central mass of galaxies via tidal stripping and disk shocking. These effects,
which are absent in DM only simulations, can affect the formation of satellite galaxies up to 2 virial
radii from the host [97, 186, 372, 433]. However, for satellites at larger distances, as well as for
isolated field dwarfs, this would not solve the too big to fail problem. Possible solutions to address
these situations might be feedback playing a role at larger distances due to ram pressure of the
large-scale filaments [68], while for field dwarfs the answer might lie in the systematics in translating
the observations of the HI line to the gravitational potential [329].
With regards to the empirical scaling relations, it has been argued that the MDAR might arise
in ΛCDM [240]. For instance, [273, 311] argue that ΛCDM could naturally produce a0 because even
the most massive disk galaxies are only expected to reside in halos with mass 5 × 1012 M

which

sets a maximum acceleration scale of about 10−10 m/s2 . Furthermore, it has recently been argued
that feedback becomes efficient at a characteristic acceleration scale similar to the one present in the
MDAR, thereby explaining the transition from baryon-dominated to DM-dominated regimes in the
MDAR [204]. While interesting, this does not per se explain the details of the diversity of rotation
curves encoded in the tightness of the MDAR, which should be related to the subtleties of the corecusp transformation process. Reproduction of the absolute normalization and shape of the MDAR
in low-acceleration regimes and spanning the entire range of galaxies still remains challenging.
While the MDAR reduces to the BTFR in the flat part of rotation curves, the fact that galaxies
obey the BTFR does not a priori imply that they will obey the MDAR in the rising parts of
rotation curves. The fact that they do observationally is at the root of the diversity problem, as
shown in [190]. As reported by [323], feedback in cosmological hydrodynamical simulations from
the EAGLE and APOSTLE projects is unable to produce large constant-density cores of DM as
required by the data in a significant fraction of low-mass disk galaxies. On the other hand, the
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recent NIHAO simulations [155, 370] are much more efficient at forming cores and predict a tight
MDAR, but in turn have problems at reproducing the most cuspy, steeply rising rotation curves [190].
This illustrates that the effect of feedback on the central DM distribution in various cosmological
hydrodynamical simulations is still far from settled, and that reproducing in detail the observed
diversity of rotation curve shapes together with a tight MDAR still raises an interesting challenge
for simulations of galaxy formation. For a review on baryonic feedback, refer to [104].

1.5.2

Non-Standard DM Physics

A possible solution to the missing satellites and the too-big-to-fail problems is Warm Dark Matter
(WDM) [111, 426]. WDM is a thermal relic with a mass of ∼ keV, which implies that it is relativistic
at freeze out temperatures that are also at the keV scale. This leads to thermal velocities suppressing
structure formation on lengths smaller than a characteristic length scale, given by the inverse of the
free-streaming wavenumber:
kFS ∼ 10 Mpc−1

4/3  0.12 1/3
.
1keV
ΩDM h2

m

DM

(1.27)

This gives rise to a cut-off in the MPS at the corresponding scale [49, 82, 302]. Observations of P (k)
from the Lyman-α forest [426] and the SDSS [349] set bounds of mDM > 3.3 keV and mDM > 2.3 keV,
at the 2σ level, respectively. However, it has also been argued that WDM does not solve these small
scale problems [376], and we must wait for better observations to resolve this issue.
Self-Interacting Dark Matter (SIDM) is another model which could solve some of the small scale
problems of CDM [394]. SIDM particles interact with each other via 2 → 2 elastic interactions that
leads to deviations from collisionless CDM. If the cross-section is sufficiently large, then SIDM will
thermalize in galaxies and produce an isothermal velocity dispersion. This is in contrast with CDM,
whose velocity dispersion falls towards the center of the halo [429]. This thermalization further
reduces the central density as particles heat up and allows the formation of cores [132]. SIDM
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requires σ/m ∼ 1 cm2 /g in order to have at least 1 scattering event over 10 Gyr [416]. While the
first wave of simulations [106, 250, 304, 439, 440] along with strong lensing constraints from galaxy
clusters [295, 301] limited σ/m . 0.1 cm2 /g, higher resolution N-body simulations revived the idea of
DM self-interactions [162, 180, 430, 446] while the constraints also became weaker, σ/m . 2 cm2 /g
for vrel ∼ 500 km/s [213, 343, 361, 435]. A cross-section of σ/m & 1 cm2 /g can solve the corecusp and the too big to fail problem [132, 446]. Additionally, SIDM might explain the diversity in
rotation curves because the less dense inner regions allow the baryons to play a more important
role [129, 237], as shown in Fig. 1.20. For a review on SIDM, see [416].

Figure 1.20 SIDM fits (in red) for galaxies shown in 1.18 at σ/m = 4 cm2 / g. The other curves
show the contribution from the SIDM Halo (blue solid), stars (magenta dashed), gas (magenta dotdashed) and SIDM halo in the absence of baryons (blue asterisk) which are compared to CDM (blue
dotted). Figure taken from [237].

As we will see in the next subsection, MOND is a modified theory of gravity that tries to explain
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away DM and is particularly successful in explaining the small-scale DM problems. Thus, another
approach is to unite the success of these two models by having a DM component which behaves like
CDM on large scales, but whose behavior is suitably modified on galactic scales so that it reproduces
the behavior of modified gravity. Some of the models of this type include Polarized DM [78, 79],
Superfluid DM [70, 71] and Baryon-Interacting DM [172, 173]. The last two will be the subjects of
Chapters 2-4 of this thesis.

1.5.3

Modified Gravity and MOND

Since the current ΛCDM paradigm invokes a new form of matter and energy to explain 95% of
the energy content of our universe, an obvious and more radical alternative calls into question our
current understanding of gravity instead of positing new forms of energy or matter. While this
approach may also be used to explain away DE, here we will restrict ourselves to a brief discussion
of the arguments regarding DM.
MOdified Newtonian Dynamics (MOND) is an alternative to DM proposed in 1983 by Milgrom [296, 297] after he noticed that the discrepancy between the predicted and observed orbital
velocities of stars could be explained by the empirical law (1.26), interpreted as a new law of gravity. An interesting observation about the acceleration scale a0 that enters MOND is that it can be
expressed as a product of the speed of light and the Hubble parameter,
a0 ≈

1
cH0 .
6

(1.28)

This suggests the idea that the acceleration scale observed in MOND is of cosmological relevance and
thus naturally enters as the Hubble scale. This is probably why MOND has been rather successful
in explaining some of the small scale problems that we saw in Sec. 1.4. A more accurate value of a0
is 1.2 × 10−12 m/s2 and was obtained from observations in [398].
The MOND force law can be derived from an action by postulating, in addition to the usual
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Newtonian gravitational term, a (non-relativistic) scalar field with an unusual kinetic term coupled
to the baryonic mass density [62]:
LMOND = −


 3/2
1
~ 2
∇φ
+ φρb .
12πGN a0

(1.29)

The corresponding equation of motion for a static, spherically-symmetric source is given by
∇·

~
|∇φ|
~
∇φ
a0

!

~ =
|∇φ|

√

= 4πGN ρb ,

(1.30)

a0 ab .

(1.31)

which implies

Adding this scalar-mediated acceleration to the usual gravitational acceleration yields a = ab +
√

a0 ab , which satisfies the limiting behaviors of the MDAR (1.26). We will make use of the La-

grangian (1.29) in the next Chapter to introduce the idea of Superfluid DM.
The scaling relations of subsection 1.4.2 naturally emerge in the MOND paradigm. Let us start
with the BTFR. As we move to the outer parts of a galaxy, the gravitational force falls of as r−2 , and
we expect the acceleration due to stars to also decrease. Thus, in the outer parts, where ab  a0 ,
the entirety of the galaxy’s mass is used to source the acceleration. Equating this acceleration to
the centripetal acceleration required for a star to be in circular motion, we get
v2
=
r

r
a0

GN Mb
.
r2

(1.32)

This implies that v is independent of r at large distances and attains a constant value asymptotically.
4
Additionally, the asymptotic velocity is given by Vflat
= GN a0 Mb , thus MOND is consistent with

BTFR.
MOND naturally predicts a variety of rotation curves depending on the baryonic mass distribution in a galaxy with rotation curves of LSB galaxies rising slowly [174, 290]. In fact, on the basis of
his empirical acceleration law, Milgrom was led to predict the existence of LSB galaxies before they
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were observationally discovered. Lastly, the dynamical central surface density in MOND is dictated
by the baryons and correctly reproduces the CSDR (1.24) [299].
Looking back at Fig. 1.19, we see that there are many points that correspond to the low acceleration regime of the MDAR and still seem to be located near the band of MOND’s predictions.
Moreover, some of these points are not from the asymptotic regions but from the inner regions of
galaxies. This was an a priori prediction of MOND and the fact that it was subsequently observed
is a success of MOND.
Although originally promoted as a fundamental theory of gravity, which tries to do away entirely
with DM, this radical possibility seems less and less likely. The MOND paradigm does not work
in galaxy clusters without additional unseen mass [20, 39, 119, 120], it has some problems at subgalactic scales [227], and, last but not least, it cannot a priori explain the angular power spectrum
of the CMB without a non-baryonic component [389]. Nevertheless, in recent years other modified
gravity theories have been proposed, that emulate much of the MOND behavior. A prominent
example is Verlinde’s emergent gravity [425] in which space-time and gravity emerge from quantum
information and GR can be derived via a thermodynamic approach [109, 231, 327, 424]. For a review
of MOND see [174].

1.6

Thesis Outline

In the subsequent chapters we will study in depth two hybrid models of DM that try to reproduce
the success of CDM on large scales while matching the empirical success of the MDAR on galactic
scales. In Chapter 2 we will introduce the model of Superfluid DM, which posits that DM behaves
as a superfluid at low temperatures while behaving as an ideal gas at high temperatures. These
two phases of DM help explain the various phenomena associated with DM on different scales. In
Chapter 2, we will restrict our treatment of the superfluid to zero temperature.
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In Chapter 3, we will extend our understanding to a superfluid at a finite temperature. In
the process we will encounter a technical difficulty in calculating the one-loop action, known as
the Hohenberg-Martin dilemma. To resolve this issue, we will apply Yukalov’s recent proposal
of introducing a second chemical potential. This will allow us to compute the finite-temperature
equation of state, and subsequently derive the density profiles of Superfluid DM in galaxies.
In Chapter 4 we will study an alternative model called Baryon-Interacting DM, whose basic
idea is to obtain the desired DM density profile underlying the MDAR via DM-baryon collisional
interactions. In other words, unlike the superfluid DM model, which relies on long-range interactions
to obtain the MDAR, the baryon-interacting DM model relies on short-range interactions.
In Chapter 5 we will return to the problem of describing a BEC through a scalar field exhibiting
spontaneous symmetry breaking. The usual self-consistent framework of the CJT formalism leads
to a pathology, which can either be resolved by sacrificing self-consistency or by introducing ad hoc
terms or constraints. To address this issue, we will perform a self-consistent one-loop calculation in
the two chemical potential framework.
In Chapter 6 we will return to the superfluid DM model and offer an alternative derivation of
the finite-temperature equation of state, based on effective field theory methods. We will carefully
specify the regime of validity of this effective description, which will constrain the allowed range of
parameters.
We will briefly summarize the results of this thesis in Chapter 7, and outline some of the most
interesting research avenues to pursue in the future.
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Superfluid DM
In this Chapter we wish to study the theory of Superfluid DM. However, in order to do that we
must first acquaint ourselves with the necessary theoretical tools. In Sec. 2.1 we will study an ideal
Bose gas and review the well-known concept of a Bose-Einstein Condensate (BEC) in some detail.
Then we will move on to describe the phenomenon of superfluidity in Sec. 2.2 and, more specifically,
study its effective field theory description which will be helpful in the subsequent sections. We will
then move on to a weakly-interacting Bose gas in Sec. 2.3, and describe how the twin phenomena
of BEC and superfluidity arise in this system through the Gross-Pitaevskii equation. Empowered
with the required physics, we will briefly go over a class of DM models known as Ultra-Light DM in
Sec. 2.4. Subsequently we will look at the conditions that must be satisfied so that a BEC can form
in a galaxy in section 2.5. These conditions allow us to set constraints on the DM particle mass as
well as its self-interaction cross-section. Finally, we’ll study the theory of superfluid DM in section
2.6.

2.1

Ideal Bose Gas and Bose-Einstein Condensation

The quantum statistics of bosons was first described in the 1920s by Bose and Einstein. Until
then, various derivations of Planck’s radiation law used inputs from classical physics. Bose, instead,
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was able to derive this law using only quantum and statistical mechanics [88]. Einstein used that
method to derive the quantum statistics of an ideal gas of particles with integer spin, or, in current
terminology, Bose-Einstein statistics [160]. In this paper Einstein noted that this gas had a state
at low temperatures, called a Bose-Einstein Condensate (BEC), wherein a large number of bosons
could occupy the lowest energy state. This led Einstein to remark, “But, this appears to be as good
as impossible” [189]. Seventy years later, however, Eric Cornell and Carl Wieman’s group reported
a BEC made of Rubidium-87 atoms [37], and shortly thereafter Wolfgang Ketterle’s group observed
a BEC in Sodium atoms [133], a discovery for which the three of them shared a Nobel Prize in 2001.
BEC is an outcome of low temperatures wherein the de Broglie wavelength of bosons becomes
larger than the mean inter-particle separation. Given that the mean temperature of the universe
is ≈ 2.7 K, if DM is a boson, it condensing to form a BEC remains a distinct possibility, provided,
as we will see, that DM is sufficiently light. In order to study the physics of such a model of DM,
we first need to get acquainted with the physics of a Bose gas including BEC. We will now look at
the physics of an ideal Bose Gas.
An ideal Bose gas is one in which the interactions between the constituent particles can be
ignored. Their occupation number can be simply derived using a quantum mechanical canonical
ensemble, or a grand canonical ensemble [333], giving
hnε i =

1
eβ(ε−µ)

−1

,

(2.1)

where β = 1/kB T . Integrating this distribution using the non-relativistic density of states, and
separating out the number of particles in the zero-energy state, we get the total number density
n=

g3/2 (z)
1 z
+
,
V 1−z
λ3th

(2.2)

where V is the volume, and the two terms correspond, respectively, to the number density in the
ground state, n0 , and in the excited states, n1 . The fugacity z of the gas is related to the chemical
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potential µ by z = eβµ , while the thermal de-Broglie wavelength λth is given by


2π~2
mkB T

1/2
.

(2.3)

xν−1 dx
z3
z2
= z + ν + ν + ....
−1
2
3

(2.4)

λth =
Lastly, gν (z) is the polylogarithm, defined as
gν (z) =

1
Γ(ν)

Z
0

∞

z −1 ex

The absence of any kind of interactions between particles implies that the ground state energy
will be zero, which is why n0 can be defined only in terms of z. Furthermore, it is clear that the
chemical potential cannot be larger than the ground state energy as that would lead to the ground
state having an unphysical occupation number. Since the chemical potential is defined as the rate
of change of the free energy with respect to the particle number, the chemical potential must be
negative for any T > 0 as the addition of a particle will increase the entropy. Thus, the chemical
potential of an ideal Bose gas lies in the range
−∞ < µ ≤ 0 ,

(2.5)

depending on the temperature, with µ = 0 at T = 0 since the addition of a particle would have
no effect on the free energy. This means that 0 < z < 1, and g3/2 (z) ≤ ζ

3
2



, where ζ(x) is the

Reimann-Zeta function. Thus, the number density of excited particles, n1 , satisfies the upper bound:


g3/2 (z)
ζ 32
≤ 3 .
n1 ≡
λ3th
λth

(2.6)

If the total number density n is greater than the RHS of (2.6), the maximum possible value of n1 ,
then the remaining particles must populate the ground state, and we get a Bose-Einstein Condensate.
This allows us to define a critical density as a function of T , at which the condensate appears,
nc = ζ

3
2





mkB T
2π~2
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If, instead, we work at a fixed number density n, then a phase transition occurs once the temperature
falls below a certain critical temperature,
2π~2
Tc =
mkB

!2/3

n
ζ

3
2

.



(2.8)

For T < Tc , the fraction of particles in the condensate is given by
n0
=1−
n



T
Tc

3/2
,

(2.9)

which approaches unity as the temperature goes to zero.
This quantum mechanical treatment becomes necessary at low temperatures when the thermal
de-Broglie wavelength is larger than the inter-particle separation. At higher temperature, such that

nλ3th  1 ,

(2.10)

quantum statistics are no longer required to describe the system, as the gas behaves like a classical
ideal gas. The pressure, P , in the two regimes is given by



 kB3T ζ 5 

T < Tc ;
2
λth
P =



nkB T g5/2 (z) T > Tc ,
g
(z)

(2.11)

3/2

In particular, in the high temperature limit, T → ∞, we have µ → −∞ such that z → 0. In this
regime, the polylogarithms can be approximated by the linear term, gν (z) ' z, and the equation of
state (2.11) reduces to the usual ideal gas relation, P ' nkB T .

2.2

Superfluidity

Superfluidity is a phenomenon first discovered in 1938 by Kapitza [238], Allen and Meisner [29],
where they observed an “abnormally low viscosity” in liquid Helium at temperatures below 2.2 K.
Subsequently a phenomenological theory of superfluidity at finite temperature was propounded by
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Landau, [257], Tisza [412] and London [272], in terms of a two-fluid model and the physics of BEC.
Subsequently, Bogoliubov derived a microscopic theory of superfluidity assuming the existence of a
BEC in a superfluid [85].
Superfluidity is described by the spontaneous symmetry breaking of a global U (1) symmetry
in a state of finite charge density [202]. This implies the existence of a Nambu-Goldstone boson,
i.e., a gapless excitation called a phonon, whose dispersion relation depends linearly on the spatial
wavenumber k as
 = cs k ,

(2.12)

where cs is the sound speed. Apart from the gapless phonons, superfluids are also characterized by
rotons, which describe excitations of the vortex spectrum. The energy spectrum varies quadratically
with momentum,
=∆+

k2
,
2mrot

(2.13)

where mrot is the effective roton mass. At non-zero temperature, the gas of photons and rotons exists
in a statistical equilibrium with the superfluid. This allows one to treat the system phenomenologically as a mixture of a superfluid component and a normal fluid comprised of quasi-particles, even
though there is no fundamental differentiation of particles in the liquid. A review of this two-fluid
model can be found in [375].
To describe the physics of superfluidity, it is convenient to work in terms of the effective field
theory (EFT) description of a superfluid [152, 153, 317, 392, 393]. This approach is powerful because
it applies to a variety of systems, without a detailed microscopic understanding. We restrict ourselves
to the non-relativistic regime and, for now, work at zero temperature.
At low energy, the only degrees of freedom that are excited are photons. Hence the EFT can be
described in terms of a Goldstone mode resulting from the spontaneous breaking of a global U (1)
symmetry. Thus, the theory should be invariant under shift symmetry θ → θ + c. The superfluid
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state corresponds to a finite U (1) charge density, i.e., hθ̇i 6= 0. Through a field redefinition, we can
set without any loss of generality
θ(~x, t) = µt + φ(~x, t) ,

(2.14)

where µ is the chemical potential, and φ describes the gapless phonons.
To respect the shift symmetry, the Lagrangian should only be a function of derivatives of θ.

~ . Additionally, in order for the Lagrangian to be
To leading order in derivatives, L = L θ̇, ∇θ
2
~
∇θ
Galilean-invariant, it should depend on the combination X = θ̇ − 2m . Thus the most general
effective Lagrangian describing a superfluid, at zero temperature and to leading order in derivatives,
is a function of X:

~ 2
∇φ
X = µ + φ̇ −
,
2m

L = P (X) ;

(2.15)

where we have used (2.14). This effective Lagrangian is exact at lowest order in derivatives, with
corrections suppressed by additional derivatives per field.
The background is obtained by setting φ equal to zero, in which case the Lagrangian reduces
to L = P (µ). Thus the function P specifies the (grand canonical) equation of state, i.e., the
pressure as a function of the chemical potential. The number density, n, can be evaluated using the
thermodynamic relation
n=

∂P (µ)
= P 0 (X) .
∂µ

(2.16)

To study phonon excitations, we expand the Lagrangian to quadratic order in φ. Up to a total
derivative, and ignoring the background contribution, we obtain
Lphonon =

1
2



∂n 2
n  ~ 2
φ̇ −
∇φ
∂µ
m


.

(2.17)

The sound speed for phonons can be immediately read off:
c2s =

n ∂µ
∂P
=
,
m ∂n
∂ρ

where we have used (2.16), and where ρ = mn is the usual mass density of the superfluid.
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The exact form of the Lagrangian, P (X), depends on the superfluid under study. One of the
simplest case is when the only interactions between the particles are contact interactions, specifically 2 → 2 contact interactions. In this case the pressure is related to the number density as P ∼ n2 .
Using (2.16), this gives
P (X) ∼ X 2

(2 → 2 scattering) .

(2.19)

In a slightly more complicated example, consider the situation when the predominant contact interactions are 3 → 3 scattering, such that P ∼ n3 . Using (2.16) in this case gives
P (X) ∼ X 3/2

(3 → 3 scattering) .

(2.20)

On inspection we find that this behaves like the kinetic term of (1.29). This motivates us to consider
superfluidity as the underlying mechanism through which a MOND force law might emerge. This
will be the subject of discussion in superfluid DM in Sec. 2.6.
Before closing this discussion of superfluid EFT, we should mention that (2.15) can be easily
generalized to account for an external potential Vext . Since its effect is to shift the energy of
2
~
∇φ
excitations, an external potential must enter in the form X = µ − Vext + φ̇ − 2m . We are of course
specifically interested in a gravitational potential Φ, in which case
L = P (X) ;

2.3


~ 2
∇φ
.
X = µ − mΦ + φ̇ −
2m

(2.21)

Gross-Pitaevskii Equation

In this Section we review the physics of a weakly interacting Bose gas. This is the simplest system
that allows us to study superfluidity while presenting a realistic scenario of a BEC. The necessity
for interactions stems from the fact that, while a BEC can form in both non-interacting as well as
interacting systems, superfluidity cannot exist without interactions [57, 347, 364].
A Bose gas is described by a many-particle wave function Ψ(~r1 , . . . , ~rN , t), which is symmetric
under interchange of any two particles due to Bose symmetry. The Hamiltonian for a Bose gas
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interacting predominantly via 2 → 2 scattering is given by
Z
Ĥ =

"
3

d r Ψ

†

!
#
Z
~2
~2 ∇
1
3 0 †
†
0
0
0
−
+ Vext (~r) Ψ +
d r Ψ (~r) Ψ (~r) Vint (~r − ~r ) Ψ(~r ) Ψ(~r ) ,
2m
2
(2.22)

where Vext (~r) is an external potential, and Vint (~r − ~r 0 ) describes 2-body interactions. Henceforth,
we will ignore the external potential because our goal is simply to study the relationship between a
superfluid and a BEC.
If we further assume that the predominant interactions are contact interactions, then the collisions between particles can be described by the s-wave scattering length, a, since all other length
scales are by assumption much larger than a. The interaction potential then takes the simple
form Vint (~r − ~r 0 ) =

4π~2 a 3
r
m δ (~

− ~r 0 ), and the Hamiltonian reduces to
Z

Ĥ =
where g =

4π~2 a
m

~2
g
~2 ∇
Ψ + Ψ† Ψ† ΨΨ
d3 r −Ψ†
2m
2

!
,

(2.23)

is the coupling constant, and all operators are evaluated at ~r. The resulting

Heisenberg equation of motion is given by
i~Ψ̇ =

!
~2
~2 ∇
+ gΨ† Ψ Ψ .
−
2m

(2.24)

Equation (2.24) is in general very difficult to solve for a many-particle system. Thus, at this
stage it is helpful to follow Bogoliubov’s mean field prescription, and decompose Ψ into
Ψ = ψ + δψ ,

(2.25)

where ψ = hΨi describes the condensate, and hδΨi = 0 are the perturbations that describe the
depletion of the condensate. The density of the condensate is given by n0 = |ψ|2 .
This approximation allows us to simplify the many-particle system by reducing it to a single-body
problem, effectively described by a single-body wavefunction ψ with normalization

R

d3 r|ψ|2 = N .

The approximation is valid for weak interactions, so that the depletion of the condensate is much
50

Chapter 2. Superfluid DM
less than the density of the condensate, and δψ can be treated as a perturbation to the background
of a condensate. This condition is satisfied when the gas is sufficiently dilute, such that na3  1,
as this ensures that fluctuations are suppressed.
Substituting the single-particle wavefunction into (2.24) gives the generalized Gross-Pitaevskii
equation
i~ψ̇ =

~2
~2 ∇
−
+ g|ψ|2
2m

!
ψ.

(2.26)

This nonlinear equation describes the dynamics of a dilute, weakly-interacting Bose gas at zero
temperature. To better understand the meaning of this equation, let us study stationary solutions
to this equation. To that end, consider the ansatz ψ(~r, t) = ψs (~r) e−iµt/~ , where µ is the chemical
potential. Thus, ψs (~r) satisfies the time-independent Gross–Pitaevskii equation
!
~2
~2 ∇
+ g|ψs |2 − µ ψs = 0 .
−
2m

(2.27)

In the mean field approximation, the kinetic term is ignored, since it is dominated by the interaction
energy, and the solution is
|ψs (~r)|2 =

µ
.
g

(2.28)

This requires g > 0, meaning that the condensate only exists for repulsive 2-body interactions.
Next, we wish to find the dispersion relation of the excitations on top of this condensate. To
linear order in δψ, the Gross-Pitaevskii equation gives
i~δ ψ̇ = −

~2

~2 ∇
δψ + g 2|ψs |2 δψ + ψs2 δψ ∗ .
2m

(2.29)



~
~
Substituting the plane wave ansatz δψ = eiµt/~ Aeik·~r−iωk t + Be−ik·~r+iωk t , we obtain the dispersion relation
ωk2 = c2s k 2 +
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where the sound speed cs is given by
c2s =

g|ψs |2
µ
=
.
m
m

(2.31)

For small momenta, corresponding to low-energy excitations, the k 4 term can be ignored, and (2.30)
reduces to the familiar phonon dispersion relation
ωk ' cs k .

(2.32)

This shows us how the formation of a BEC in a weakly interacting dilute Bose gas, at low temperatures, also leads to superfluidity. Moreover, we see that as the interactions are turned off (g → 0),
the sound speed vanishes (cs → 0), and the dispersion relation (2.30) reduces to that of a free
particle, ωk →

2.4

~k2
2m .

Thus, in the absence of interactions, the superfluid vanishes.

Ultra-Light DM

Ultra-Light DM (ULDM) refers to a class of models in which DM consists of very light bosons.
Furthermore, in these models, DM in galactic halos thermalizes and forms cores, which can be
described either by a BEC or a superfluid. Thus, these models mimic the behavior of CDM on
large scales, while exhibiting new behavior on small, galactic scales, with the hope of alleviating
the small-scale challenges posed to CDM. As we will see, the mass of the DM particle needs to
be m . 2 eV in order to form a condensate in a galaxy. On the other hand, as already mentioned
in Chapter 1, the minimum mass of the DM particle is 10−23 eV.
Models of DM condensation on galactic scales were proposed more than two decades ago [232,
385]. These models are either phenomenological or a microscopic description of the physics of DM.
As we saw in the previous section, a mean-field description of weakly interacting bosons is given by
the Gross-Pitaevskii equation (2.26). In a more general form, it can be written as
!
~2
~2 ∇
+ Vext (~r) + g2 |ψ(~r)|2 + g3 |ψ(~r)|4 + . . . ψ(~r) ,
i~ψ̇(~r) = −
2m
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depending on the exact form of the model, where gn parameterizes the n-body contact interactions,
and Vext (~r) is the gravitational potential. The latter is determined by the Poisson equation.
If self-interactions vanish, i.e., g2 = g3 = . . . = 0, then only the external gravitational potential
remains, and the resultant model is called fuzzy DM (FDM) [223, 226]. In this case the mass of
the DM particle is so small, m ∼ 10−22 eV, that its de Broglie wavelength in dwarf galaxies is of
the order of a few kpc, i.e., comparable to the size of the dwarfs. In the central region of galaxies,
the attractive effect of gravity is countered by the “quantum pressure” of DM, which ensures an
equilibrium in the halo. This quantum pressure naturally plays the role of not allowing FDM to
collapse and results in a cored profile. Various astrophysical implications of FDM can be found
in [226].
A model that has been extensively studied in literature is the self-interacting FDM (SIFDM) or
repulsive DM [41, 83, 118, 198, 206, 211, 212, 339, 390]. In these models, an interacting Bose gas
with 2-body, or higher, interactions forms both a BEC and a superfluid, provided the interactions
are repulsive. The basic physics of this particular model can largely be understood through the
Gross-Pitaevskii equation reviewed above. The role of quantum pressure in FDM is played by the
(classical) repulsive interactions between DM particles in ensuring that the density profile is cored.
In the standard case with 2-body interactions, the equation of state is P ∼ ρ2 , as discussed earlier,
while models with higher order interactions will have a different equation of state. The demand
that DM form a BEC inside a galaxy helps set constraints on the DM mass and the interaction
cross-section that are relevant for these models, as we shall now see.

2.5

Dark Matter Condensation

If DM is comprised of bosonic particles (either fundamental or bound states of fermions), then the
DM particles might condense at low temperatures. There are two conditions which must be met to
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achieve condensation.
The first condition is that the de Broglie wavelength of DM particles should overlap, i.e., it
1/3

should be greater than the inter-particle separation, ∼ (m/ρ)
1
&
mv

λdB ∼



m
ρ

:

1/3
,

(2.34)

where v is the velocity dispersion of DM, which is set by the gravitational potential. For a given
velocity dispersion, this translates to an upper bound on the DM particle mass
m.

 ρ 1/4
.
v3

(2.35)

To understand the implications of this bound in the context of a DM halo, let us apply it at
virialization. From the standard spherical collapse model, virialization occurs when an overdensity
reaches the critical value

δρ
ρ̄

' 180. (This threshold value varies in the literature [14, 100], but its

precise value is not essential for our back-of-the-envelope estimate.) Using the present mean DM
(0)

3

cosmological density ρDM ' 3 × 10−30 g/cm , the density at virialization is
(0)

3

ρvir = (1 + zvir )3 180 ρDM ' 5.4 × 10−28 (1 + zvir )3 g/cm ,

(2.36)

where zvir is the virialization redshift. Meanwhile, the velocity dispersion at virialization is related
to the mass of the halo M as [335]
vvir = 127

√


1 + zvir

M
1012 h−1 M

1/3

M
12
10 h−1 M

−1/4

km/s .

(2.37)

Substituting ρvir and vvir into (2.35), we get
m ≤ 2.3 (1 + zvir )3/8



eV .

(2.38)

Figure 2.1 shows the maximum particle mass for which a BEC can form, as a function of the halo
mass M , assuming zvir = 2. This shows that a BEC will form in galaxies if m . eV, which is the
relevant scale for ALPs.
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Figure 2.1 Upper bound on the DM particle mass m versus halo mass M , in order to form a BEC.
This assumes zvir = 2. Figure taken from [70].
The second condition to form a BEC is that DM particles should thermalize, which places a
lower bound on their interaction rate. Using the virial velocity dispersion and mass density, as we
did above, the interaction rate is
Γ ∼ N vvir ρvir

σ
,
m

(2.39)

where N is the Bose enhancement factor given by
N ∼

ρvir (2π)3
.
m 4π
3 mvvir

(2.40)

Note that N ∼ 103 for a Milky Way-size galaxy, with m ∼ eV. For DM particles to reach a state of
thermal equilibrium in a galaxy, the interaction rate should be comparable to the dynamical time
in galaxies, which is set by the Jeans time, tdyn ∼

√ 1
.
Gρvir

In this case the coherence length of

the condensate will be similar to the size of the halo, which is necessary for phonons to operate
coherently over the size of a galaxy. Thus we impose Γtdyn & 1, which yields a lower bound on the
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self-interaction cross-section at, say, zvir = 2,
 m 4 cm2
σ
&
.
m
eV
g
The current bounds on the self-interaction cross-section are

(2.41)
σ
m

& 0.1 cm2 /g [194, 301, 355]. Thus,

a mass of around 0.6 eV allows us to get halos of appropriate size. It must, however, be kept in
mind that these bounds were derived for SIDM and since the phenomenology of superfluid DM is
rather different, these bounds need to be re-evaluated.
Additionally, we also can derive the critical temperature for DM condensation. Using equipartition, Tc = 31 mvc2 , where vc is the maximum velocity for which (2.35) is satisfied, we obtain

Tc ∼ 6.5

eV
m

5/3

(1 + zvir )2 mK .

(2.42)

Similarly, the DM temperature T in a halo of mass M can be expressed in units of Tc as

2/3
T
0.1  m 8/3
M
∼
.
Tc
1 + zvir eV
1012 h−1 M

(2.43)

Assuming a weakly-interacting Bose gas, we can use (2.9) to approximate the fraction of particles
in the condensate:
 m 4
0.03
M
n0
=1−
.
n
(1 + zvir )3/2 eV 1012 h−1 M

(2.44)

This is plotted in Fig. 2.2 for different values of the DM particle mass, with zvir = 0.

2.6

Superfluid Dark Matter

The theory of Superfluid DM [69–71, 216, 243] is a framework that seeks to unify the DM and
MOND phenomena through the physics of superfluidity. If DM is a superfluid, then its nature
changes drastically depending on the temperature since it can allow for a phase transition. While
on large scales, the behavior would be modeled by collisionless particles, on galactic scales, the
beahvior is more correctly described in terms of low energy collective excitations, i.e., phonons.
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Figure 2.2 Condensate fraction of DM particles as a function of the halo mass for different DM
particle mass values at zvir = 0. Figure taken from [70].
We begin with a study of superfluid DM at T = 0. As seen in (1.29), the Lagrangian for
the MOND force law contains a rather unusual kinetic term. Furthermore, we saw in Sec. 2.2, a
superfluid with pre-dominant 3-body interactions has a Lagrangian of the form P (X) ∼ X 3/2 . The
fractional power would be unusual if it were describing a fundamental scalar field. However, cold
atom systems routinely have such fractional powers in their Lagrangian. A prominent example is
the Unitary Fermi Gas (UFG) [192], whose Lagrangian at lowest order in derivatives is LUFG ∼
X 5/2 [393]. Thus, the conjecture here is that the Lagrangian for superfluid DM is
L=

Λ
2Λ(2m)3/2 p
X |X| − α
θρb ,
3
MPl

(2.45)

2

where X = µ − mΦ + φ̇ −

~
∇φ
2m

was defined in (2.21), α is an O(1) constant, and Λ has units of

energy which, as we shall see, is of the order meV. The square root in the first term ensures that the
action is well-defined for time-like fields, and that the Hamiltonian is bounded from below [99]. The
second term is the coupling between the phonons and the baryonic mass density, ρb , which allows
Superfluid DM to mediate a MOND-like force.
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2.6.1

Finite Temperature Effects

The superfluid EFT developed in Sec. 2.2 is valid only for T = 0. However, since DM particles in
galaxies thermalize with non-zero velocity dispersion, there will be some finite-temperature effects
which correspondingly modify the EFT. The zero temperature EFT only describes one component
— namely the superfluid — while Landau’s finite temperature description is based on a two-fluid
model, wherein one component behaves like a superfluid and the other behaves as a normal fluid,
carrying entropy.
The general form of the superfluid EFT at a finite temperature is a function of three scalars [317]

LT 6=0 = F (X, b, y) .

(2.46)

Of the two new scalars, b is defined as
b≡

q

det ∂µ φI ∂ µ φI ,

(2.47)

where φI (~x, t) are the comoving or Lagrangian coordinates of the normal fluid. The other scalar, y,
is the scalar product of the velocities of the normal and the superfluid components,

~ ,
y ≡ uµ ∂µ θ + mδµ0 ' µ + mΦ − φ̇ + ~v · ∇φ

(2.48)

where uµ is a unit 4-vector formed from a combination of φI such that it is invariant under volumepreserving diffeomorphisms. In the last step we have evaluated y in the non-relativistic limit, where ~v
is the 3-velocity of the normal fluid.
It was shown in [70] that the zero-temperature Lagrangian results in static profiles that are
unstable. However, finite-temperature corrections, which are expected in realistic halos, can restore
stability. An ad hoc but instructive finite-temperature Lagrangian for superfluid DM that achieves
this goal is [70]
L=

2Λ(2m)3/2 p
Λ
X |X − βy| − α
φρb ,
3
MPl
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where the finite-temperature effects are encoded in the constant β, which is assumed to be O(1),
such that β → 0 recovers the T = 0 Lagrangian. A rigorous treatment of non-zero temperature
corrections to the Lagrangian and their consequences for the DM halo density profile will be the
subject of the next Chapter.

2.6.2

DM Condensate

We begin by discussing the properties of the condensate and phonon excitations for superfluid DM,
ignoring gravity. While the analysis below is strictly valid at T = 0, the replacement Λ → Λ̃ =

√
Λ β − 1, will give us insights into finite-temperature effects along the lines of the discussion in the
previous subsection.
Consider the first term in the superfluid Lagrangian in (2.45). Following the discussion below (2.15), setting the phonon excitations and the gravitational potential to zero, the Lagrangian
density gives the pressure of the condensate as a function of the chemical potential:
P (µ) =

2Λ̃
(2mµ)3/2 .
3

(2.50)

The number density can be calculated using (2.16):
n=

∂P
= Λ̃(2m)3/2 µ1/2 .
∂µ

(2.51)

At T = 0, the overall number density will also be the number density of the condensate, n0 = n.
Equations (2.50) and (2.51) together give us the equation of state, P = P (ρ), of the condensate,
P =

ρ3
.
12Λ̃2 m6

(2.52)

This is the equation of state of a polytrope, P ∼ ρ1+1/n , with n = 1/2. For comparison, the
usual repulsive DM or SIFDM is instead described by n = 1. Turning on phonon excitations, their
general Lagrangian density is given by (2.17). For the superfluid of interest, we obtain
Lphonon =

Λ̃(2m)3/2
4µ1/2
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φ̇2 −

2µ
(∇φ)2
m


,

(2.53)
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with sound speed
r
cs =

2.6.3

2µ
.
m

(2.54)

Zero-Temperature Density Profile

Assuming hydrostatic equilibrium, we can use the equation of state (2.52) to derive the density
profile of the DM condensate halo. For a static, spherically-symmetric halo, the gravitational pull
is balanced by the condensate pressure,
1 dP (r)
dΦ(r)
4πG
=−
=− 2
ρ(r) dr
dr
r

r

Z

dr0 r02 ρ(r0 ) .

(2.55)

0

Through the change of variables,
ρ(r)

=

r

=

ρ0 Ξ1/2 ;
r
ρ0
ξ,
32πGΛ̃2 m6

(2.56)

where ρ0 is the central density, this reduces to a Lane-Emden equation for a polytrope of index n =
1/2,
1 d
ξ 2 dξ


ξ

2 dΞ



dξ

= −Ξ1/2 .

(2.57)

To solve this equation, the boundary conditions on the radial distance are taken to be Ξ(0) = 1
and Ξ0 (0) = 0. Analytic solutions to the Lane-Emden equation exists only for n = 0, 1 and 5. In
other cases, numerical integration is required. The numerical solution to (2.57), with the required
boundary conditions, is plotted as the solid curve in Fig. 2.3. The density vanishes at ξ1 ' 2.75,
which gives us the size of the condensate
r
R=

ρ0
ξ1 .
32πGΛ̃2 m6

The numerical solution can be approximated by the simple analytic solution, Ξ(ξ) = cos

(2.58)


π ξ
2 ξ1



, or,

in terms of the original variables,
ρ(r) ' ρ0 cos1/2

π r 
;
2R
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r ≤ R.

(2.59)
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Figure 2.3 Density profile for superfluid DM expressed in dimensionless variables obtained bysolving

the Lane-Emden equation for n = 1/2.The dashed curve is the approximate form, Ξ(ξ) = cos π2 xiξ1 .
Figure taken from [70].
This approximate solution, plotted as the dashed curve in Fig. 2.3, is in good agreement with the
exact solution.
The central density can be related to the mass of the halo, MDM , as [115]
ρ0 =

MDM ξ1
.
4πR3 |Ξ0 (ξ1 )|

(2.60)

Aside from giving us ξ1 ' 2.75, the numerical solution also gives Ξ0 (ξ1 ) ' −0.5. Thus we obtain the
central density and the superfluid core radius:

6/5
Λ
m 18/5
3
(β − 1)3/5 10−24 g/cm ,
eV
meV
1/5  

−2/5

m −6/5
Λ
MDM
(β − 1)−1/5 45 kpc ,
1012 M
eV
meV


ρ0

'

R

'

MDM
1012 M

2/5 

(2.61)
(2.62)

√
where we have substituted Λ̃ = Λ β − 1. Hence, for m ∼ eV, Λ ∼ eV and β ∼ O(1), this leads
to DM superfluid cores of realistic, astrophysical size. This is a remarkable numerical conspiracy,
which combines a particle physics scale of order eV for DM, an astrophysical mass MDM ∼ 1012 M
and Newton’s constant GN to yield a core radius of order tens of kpc.
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2.6.4

Including Baryons

Thus far we have ignored the impact of baryons. However, our goal is to determine the effect of the
phonon-mediated force on the motion of baryons. For this purpose, consider a static, sphericallysymmetric, localized source for the baryons. Using the zero-temperature Lagrangian (2.45), for
simplicity, the equation of motion for phonons is


~ 2 − 2mµ̂
(
∇φ)
~  = α ρb ,
~ · q
∇φ
∇
2MPl
~ 2 − 2mµ̂
(∇φ)

(2.63)

~ 2  2mµ̂, the solution upon integrating over r is
where µ̂ ≡ µ − mΦ. In the limit (∇φ)
~ ∇φ
~ ' αMPl~ab .
|∇φ|

(2.64)

The acceleration mediated by φ is
Λ ~
aφ = α
|∇φ| =
MPl

s

√
α 3 Λ2
ab = a0 ab ,
MPl

(2.65)

where we have defined a0 = α3 Λ2 /MPl . This matches the deep-MOND acceleration law, provided
that
α3/2 Λ =

p


a0 MPl ' 0.8 meV =⇒ α ' 0.86

Λ
meV

−2/3
.

(2.66)

Hence α ∼ O(1) for Λ ∼ meV.

2.6.5

Astrophysical Consequences

In superfluid DM, a combination of three forces contributes to the net acceleration experienced
by ordinary matter: 1) the Newtonian acceleration produced by baryons, ~ab ; 2) the Newtonian
acceleration produced by DM, ~aDM ; 3) the acceleration mediated by phonon, ~aφ , which as we saw
above gives a MONDian force. Note that this latter force is only mediated by phonons between two
objects if both of them reside in the superfluid core.
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Table 2.1.

Summary of the observational consequences of superfluid DM from [69].

System
Rotating Systems
Solar System
Galaxy rotation curve shapes
Baryonic Tully-Fisher Relation
Bars and spiral structure in galaxies
Interacting Galaxies
Dynamical friction
Tidal dwarf galaxies
Spheroidal Systems
Star clusters
Dwarf Spheroidals
Clusters of galaxies
Ultra-diffuse galaxies
Galaxy-galaxy lensing
Gravitational wave observations

Behavior
Newtonian
MOND(+ small DM component making HSB curves rise)
MOND for rotation curves (but particle DM for lensing)
MOND
Absent in superfluid core
Newtonian when outside of superfluid core
MOND with EFE inside galaxy host core —
Newton outside of core
MOND with EFE inside galaxy host core —
MOND + DM outside of core
Mostly particle DM (for both synamics and lensing)
MOND without EFE outside of cluster core
Driven by DM envelope =⇒ not MOND
As in General Relativity

An interesting aspect of superfluid DM is the so-called external field effect (EFE), which is an
essential part of the MOND phenomenology. Unlike GR, where the equivalence principle implies that
a homogeneous acceleration has no physical significance, in MOND a homogeneous acceleration is
physical. Consider a subsystem with small internal acceleration (aint  a0 ), but subject to a large,
background acceleration (aext  a0 ). In this case, because of the non-linearities of the MOND
law, the dynamics within the subsystem are well-described by Newtonian physics. In the superfluid
language, the large background phonon gradient results in a screening, or suppression, of the local
phonon-mediated force within the subsystem. This is a particular example of the more general
phenomenon of “kinetic screening” [52, 96, 107]. Non-linearities in the scalar field gradient can
result in a suppression of the local scalar-mediated force, resulting in the local recovery of standard
gravity [234]. An interesting twist in the superfluid DM context is that the EFE is a result of phonon
non-linearities, hence, importantly, it only applies within the superfluid core.
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We now briefly review some specific observational consequences of superfluid DM, which have
been worked out in [69, 70]. A summary of these effects is laid out in Table 2.1.
As a proof of concept, the rotation curves of IC 2575, an LSB galaxy, and UGC 2953, an HSB
galaxy, were numerically calculated in [69]. For this purpose, the contribution of ~aDM is calculated
using a DM profile that consists of a superfluid core in the central region, surrounded by an NFW
profile in the outer region. The density and pressure are matched at the transition radius. In
order to determine the superfluid cored density profile, a spherical density profile is assumed for
the baryons having the same purely-baryonic Newtonian density, ~ab in the disk. However, the
contribution of ~ab is still calculated using the actual, non-spherical baryon distribution, and the
same is used to source ~aφ . The resulting rotation curves are shown in Fig. 2.4, for fiducial parameter
values m = 1 eV, σ/m = 0.01 cm2 /g and α = 5.7. This shows that the superfluid DM model can
reproduce the rotation curves of both LSB and HSB galaxies, while satisfying the BTFR.

Figure 2.4 Left : Rotation curve of IC 2574, an LSB galaxy. Orange data points are from [266]
assuming a distance of 3 Mpc [418]. The black curve is calculated for MDM = 10 Mb and the
red-dashed curve for MDM ' 50 Mb . The gray band shows the change in rotation curves for a0 ∈
2
(0.6, 1.2) × 10−8 cm/s and the light blue band corresponds to λ ∈ (0.02, 0.1) meV with MDM =
10 Mb . Right: Rotation curve of UGC 2953, an HSB galaxy. Orange data points are from [318]. All
parameters are the same as in the Left Panel, except the red curve is calculated for MDM = 65 Mb .
Figure taken from [69].

Unlike galaxies, galaxy clusters are better off, observationally speaking, without a large superfluid component. Thankfully, the deeper gravitational well of galaxy clusters implies a higher DM
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temperature, which can exceed Tc . In detail, it was shown in [69] that the superfluid core is less
than 200 kpc in 1015 M

clusters, such that DM in clusters is mostly in the normal phase.

The superfluid nature also gives rise to interesting effects in mergers of galaxies, specifically with
regards to dynamical friction. If the infall velocity of the merging galaxy is less than the sound
speed cs =

p

2µ/m of phonons, then the DM halo will behave like a superfluid and there will be no

dynamical friction (from the DM component). On the flip side, if vinfall > cs , then the coherence of
the condensate is lost, the DM halo will be in the normal fluid phase, and the merger will proceed
as in ΛCDM. Furthermore, galaxy clusters are not surrounded by cores comparable to their sizes,
as the mean DM temperature inside clusters exceeds Tc , but individual galaxies do have condensed
cores.
Another observational effect pertains to gravitational lensing. In relativistic completions of
“pure” MOND, such as TeVeS [64], the absence of DM requires one to introduce complicated nonlinear terms that couple the scalar field with the baryons, while also coupling to a time-like vector
field to explain gravitational lensing. This issue is naturally avoided in superfluid DM because
we expect an NFW-like profile to envelope the superfluid core and this outer part is primarily
responsible for lensing. Recently, details of strong lensing in the context of superfluid DM were
worked out in [222].
A fascinating aspect of superfluids is the formation of quantum vortices when spun faster than a
critical angular velocity [259]. Vortex formation in context of BEC DM has been studied in [360, 383].
Assuming a halo radius R ∼ 100 kpc and m ∼ eV, the critical angular velocity for vortex formation
is
ωc ∼

1
∼ 10−41 s−1 ,
mR2

(2.67)

while the angular frequency of a DM halo is ω ∼ 10−18 λ s−1 with 0.01 . λ . 0.01 [70]. Since ω  ωc ,
vortices will form in the superfluid DM halo. For a halo of mass M ∼ 1012 M and R ∼ 100 kpc, the
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number of vortices is ∼ 1023 , but their core radius (of the order of the healing length) is tiny, ∼ mm.
Moreover, the kinetic energy per volume is minute: ∆ρ ∼ 10−33 λρ which makes observational
detection difficult.
Lastly, let us comment on tests of gravity in the solar system. It is well-known that simply
adding an acceleration

√

ab a0 to standard gravity is ruled out by the tight constraints on deviations

from GR [99]. In the context of “pure” MOND modified gravity, one is forced therefore to postulate
√
a more complicated force law than the simple additive form ab + ab a0 . This is not so in superfluid
DM, for an interesting reason. The Sun leads to such a large phonon gradient locally that the
~
superfluid velocity vs = |∇φ|/m
exceeds the BEC critical velocity, resulting in a loss of coherence
in the condensate. This implies that the condensate is replaced by a phase of normal DM in the
solar system, and there is long-range phonon-mediated force that would conflict with observations.
Nevertheless, when the baryonic distribution is coarse-grained over distances much larger than the
average interstellar distance in the galaxy, the superfluid phase is a good description.
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The Equation of State of Dark Matter
Superfluids
In the last Chapter we studied the theory of superfluid DM as proposed in [69–71] and subsequently
explored in [13, 25, 110, 216, 222, 243, 244]. We showed how this idea can explain the MOND
acceleration law from DM phonons by coupling them to ordinary matter and mediating a long-range
force. The density profile for DM halo was computed numerically in Sec. 2.6.2 for zero temperature.
However, the finite temperature expressions in Eqs. (2.61) and (2.62) were ad hoc and not derived
from first principles. In this Chapter we will work out the finite temperature density profile of the
DM halo, starting from the microphysics of a complex scalar field.
The MOND force law requires a specific equation of state for the DM superfluid, P ∼ n3 . For
this particular choice, the resulting phonon effective Lagrangian is similar to the MOND scalar field
theory [63]. The desired P ∼ n3 equation of state results from a simple effective theory with 3-body
contact interactions. Unfortunately, the phonon Lagrangian in this case has a wrong sign compared
to the action required by Bekenstein and Milgrom for MOND [63]. (See Sec. 3.3 for a discussion
of this point, and the Appendix of [70] for a detailed derivation.) Hence the effective theory with
3-body interactions can only serve as a toy model for DM superfluidity [70, 71]. We shall henceforth
refer to this superfluid as the ‘3-body’ case, to distinguish it from BEC DM with 2-body interactions
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(the ‘2-body’ case).
An important phenomenological question, relevant to both 2-body and 3-body superfluids, is to
determine the nature of the density profiles in galaxies. In the 3-body case, the density profile was
derived in [70, 71] using a mean-field Gross-Pitaevskii approach. This amounts to assuming that
DM is entirely in the condensed phase, an approximation valid only at zero temperatures and for
weak interactions. A similar exercise was performed in the 2-body case in [83]. In both cases the
density profile is determined by hydrostatic equilibrium, which for spherical symmetry reduces to a
Lane-Emden equation. This traces back to the polytropic form of the equation of state, P ∼ nα .
The resulting profile is cored, with nearly homogeneous density, and terminates at a certain radius
set by the strength of interactions. In [69], the cored superfluid profile was matched to a collisionless
(Navarro-Frenk-White [314]) envelope at a radius where the density is too low to maintain thermal
equilibrium.
In reality, owing to their velocity dispersion, DM particles have a small, non-zero temperature
in galaxies. According to Landau’s phenomenological model, a superfluid at finite (sub-critical)
temperature behaves as a mixture of two fluids [258]: an inviscid superfluid component, and a
“normal” component, which is viscous and carries entropy. The normal fluid is comprised of a gas
of excitations, which at low temperature are phonons.
In this chapter, based on [379], we derive the finite-temperature DM density profile, for superfluids with 2-body and 3-body interactions. For this purpose we calculate the finite-temperature
equation of state P = P (n, T ) in each case. We begin in Sec. 3.1 with the case of superfluidity
with 2-body interactions, following the standard Hartree-Fock textbook derivation, e.g., [98]. In the
process we encounter two technical problems, well-known in the statistical physics literature [441]:
• The first problem pertains to the fluctuation-corrected expression for the condensate wavefunction, Ψ. Over a certain range of chemical potential, the correction to |Ψ|2 becomes complex.
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This is analogous to the situation in quantum field theory for a scalar field exhibiting spontaneous symmetry breaking [122, 208]. The one-loop correction gives a complex result if the
potential is concave, which can be interpreted as an instability of the system [431]. In our
case, this would manifest itself as a complex chemical potential. The concept of a complex
chemical potential has been explored in [128], where it was related to the decay rate of the
condensate.
• A second problem with the standard analysis is the Hohenberg-Martin dilemma [218]. By the
Hugenholtz-Pines theorem [224], which is one of the Ward-Takahashi identities, the energy
spectrum below Tc should be gapless: limk→0 k = 0. However, we find that this condition is
incompatible with the equation of motion for |Ψ|2 .
To overcome both problems, we follow in Sec. 3.2 the Yukalov–Yukalova proposal [441] and
introduce two different chemical potentials — one for the condensed phase, and another one for the
normal phase. The two chemical potentials are distinct for T ≤ Tc , and allow us to simultaneously
enforce the condition of a gapless spectrum and ensure that the self-consistency condition for the
mean field is satisfied. The two chemical potentials become equal at the critical temperature. For
T ≥ Tc , there is of course a single chemical potential, associated with the conserved particle number.
Our calculation includes the contribution from higher-order interaction terms, treated in the HartreeFock-Bogoliubov (HFB) approximation, e.g. [34]. The result is cast in terms of the momentum
distribution of particles nk = ha†k ak i, and the so-called anomalous averages σk = hak a−k i. While
the anomalous averages are ignored in the oft-used Popov approximation [350, 351], we will see that
keeping σk is critical in overcoming the Hohenberg-Martin dilemma.
The 2-body equation of state, P = P (n, T ), is obtained in Sec. 3.2.1 for both T ≤ Tc and T ≥ Tc .
We also calculate the superfluid fraction in Sec. 3.2.2, to be distinguished from the condensate
fraction. The finite-temperature equation of state of 2-body DM superfluidity was computed in an
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earlier paper by Slepian and Goodman [390]. Conceptually, there are two major differences, detailed
in Sec. 3.2.3, between their calculation and ours: i) unlike [390], we include the contribution from
the anomalous averages; ii) we use two separate chemical potentials. The difference between their
equation of state and ours is small in the dilute gas limit. For denser gases, however, the SlepianGoodman equation of state displays “an unphysical lobe” and becomes multi-valued [390], whereas
our equation of state is well-behaved and single-valued throughout.
In Sec. 3.3 we apply the Yukalov–Yukalova approach to a DM superfluid with 3-body interactions,
the case of interest for the MOND phenomenon [69–71]. As before, we derive the equation of state
P = P (n, T ) for both T ≤ Tc and T ≥ Tc , as well as the superfluid fraction.
With knowledge of the equation of state P = P (n, T ), we derive in Sec. 3.4 the superfluid DM
density profile in both 2-body and 3-body cases, for a fiducial galaxy with mass M ∼ 109 M . For
simplicity we focus on static, spherically-symmetric halos and ignore the contribution of baryons. We
also assume a constant temperature, T = const., consistent with thermal equilibrium. In particular,
we ignore the transition to a collisionless profile, which is expected to occur at larger radius where
the density is too low to sustain thermal equilibrium, as explored in [69]. We instead focus on the
superfluid/normal region, where thermal equilibrium is justified.
The density profile is determined by the condition of hydrostatic equilibrium. It consists of a
nearly homogeneous core, where the superfluid component dominates, surrounded by an isothermal
“atmosphere”, where the normal component dominates. The phase transition from the superfluid
core to the isothermal normal region occurs when the density drops to the critical value. Our density
profiles are broadly similar to those derived in [69] to fit detailed galactic rotation curves. Our results
form the basis of a more detailed investigation of DM density profiles and explicit fits of galactic
rotation curves, along the lines of [69]. When we include the phonon-mediated force, we expect the
rotation curves to closely reproduce the MOND phenomenology.
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3.1

2-Body Interactions: Standard Treatment

In this Section we begin by considering a Bose gas with 2-point contact interactions. This will serve
as a warm-up for the relevant case of interest, i.e., a system with 3-point contact interactions, which
will be studied in Sec. 3.3. The derivation in this Section is standard and follows, e.g., [98].
For a system of particles in a box of volume V , the pressure is defined as the negative of the
grand potential per unit volume,
P =−

Ω
,
V

(3.1)

where the grand potential is given by
h
i
e
Ω = −kB T ln Tr e−β H ;
with β ≡

1
kB T

e ≡ Ĥ − µN̂ ,
H

(3.2)

. In terms of the bosonic field operator, ψ(x), the Hamiltonian is

e = Ĥ − µN̂ =
H

Z



~2 †
1
2
†
†2
2
d x −
ψ (x)∇ ψ(x) − µψ (x)ψ(x) + g2 ψ (x)ψ (x) ,
2m
2
3

(3.3)

where m is the particle mass, and g2 is a parameter of dimensions energy × volume which controls
the strength of the contact interactions. It is related to the 2 → 2 scattering length via
a=

mg2
.
4π~2

(3.4)

We decompose ψ(x) into two parts
ψ(x) = Ψ + ψ1 (x) ,

(3.5)

where Ψ is the field operator for the condensate, and ψ1 (x) is the operator for the fluctuations. In
terms of the usual ladder operators,
a0
Ψ= √ ;
V

1 X
~
ψ1 (x) = √
ak eik·~x .
V k6=0

(3.6)

At low temperatures, the ground state contains a macroscopically large number of particles with
zero momentum. In this limit of large occupation number, we can treat a0 and a†0 as commuting,
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classical variables [84]. The operator Ψ reduces to a condensate wavefunction, which sets the number
density of particles with zero momentum:
n0 = |Ψ|2 .
The number of zero-momentum particles is N0 =

R

(3.7)

d3 x|Ψ|2 . Meanwhile, the fluctuation operator

ψ1 (x) is treated as a quantum field, whose excitations are ~k 6= 0 particles. By construction, hψ1 (x)i =
0. The number operator N̂1 for the fluctuations is
Z
N̂1 =

d3 x ψ1† (x)ψ1 (x) =

X

a†k ak .

(3.8)

k6=0

D E
The number of particles in the normal phase is given by the expectation value N1 = N̂1 .
In the mean-field approximation, we would expect all the particles to be in the condensate at
zero temperature. The mean-field Hamiltonian is
Z
e MF =
H
The equation of motion,

e MF
δH
δΨ



1
d3 x −µ|Ψ|2 + g2 |Ψ|4 .
2

(3.9)

= 0, gives
|Ψ|2 =

µ
g2

(Mean-Field) .

(3.10)

We see that repulsive interactions, g2 > 0, implies a positive chemical potential for the condensate.
This agrees with the intuitive notion of an increase in internal energy with increasing number of
particles for a repulsive system.
To find corrections to this result for low temperature and including fluctuations, we use a selfconsistent mean-field approximation [114]. We begin by expanding the Hamiltonian in powers of
the fluctuation field ψ1 (x). The first order terms can be ignored since hψ1 (x)i = 0. Restricting to
second order terms, we find:
e =H
e MF +
H


X
1 
,
~ωk a†k ak + ∆ a†k a†−k + a−k ak
2

k6=0
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where the dispersion relation is
~ωk =

~2 k 2
+ 2n0 g2 − µ ,
2m

(3.12)

∆ = n0 g2 .

(3.13)

and we have introduced

Recall that n0 ≡ |Ψ|2 is the number density of condensed particles.
The off-diagonal terms in the second-order Hamiltonian can be eliminated as usual by a suitable
∗ †
Bogoliubov transformation, ak = uk bk + v-k
b-k . The Bogoliubov coefficients that cancel the off-

diagonal terms are
u2k =

~ωk + k
;
2k

vk2 =

~ωk − k
,
2k

(3.14)

where
k ≡

q

~2 ωk2

− ∆2 =

s

 2 2

~2 k 2
~ k
+ n0 g2 − µ
+ 3n0 g2 − µ .
2m
2m

(3.15)

The Hamiltonian, up to quadratic order in fluctuations, becomes

 X

1
e = V −µ|Ψ|2 + 1 g2 |Ψ|4 +
H
k b†k bk + (k − ~ωk ) .
2
2

(3.16)

k6=0

The last term diverges linearly in three dimensions and can be regularized using dimensional regularization, as explained in Appendix A of [34]. In the continuum limit, the result is
1
2

Z

d3 k
8m3/2 ∆5/2
(k − ~ωk ) =
.
3
(2π)
15π 2 ~3

(3.17)

This result will be used repeatedly in the subsequent Sections, though the expression for ∆ will
change.
Since the Hamiltonian is diagonal in the new ladder operators, we expect the associated quasiparticles to follow the usual Bose-Einstein statistics,
D
E
b†k bk =

1
.
−1

eβk
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Note that the above equation does not feature any chemical potential since the number of quasiparticles is a variable and is determined by minimizing the energy of the system with respect to the
number of quasi-particles. Thus the chemical potential for quasi-particles is zero.This distribution
can also be derived explicitly by treating b†k bk as the number operator for the quasiparticles and
evaluating the contribution of this term in the grand potential.
Using (3.16)–(3.18), we can calculate the grand potential Ω in (3.2). Going from the discrete
case to the continuous limit, we obtain
Ω
=
V



1
−µ|Ψ| + g2 |Ψ|4
2
2

The equation of motion2 ,
|Ψ|2

δΩ
δ|Ψ|2



Z
+ kB T

 8m3/2 ∆5/2
d3 k
−βk
ln
1
−
e
.
+
(2π)3
15π 2 ~3

(3.19)

= 0, leads to the following implicit equation

µ
4
− 2 3 (mg2 )3/2 |Ψ|3
g2
3π ~
Z
d3 k
2E2 − g2 |Ψ|2
 √
,
−
p
(2π)3 (E − g |Ψ|2 ) (E + g |Ψ|2 ) eβ (E2 −g2 |Ψ|2 )(E2 +g2 |Ψ|2 ) − 1
2
2
2
2

=

(3.20)
with E2 ≡

~2 k 2
2m

− µ + 2g2 |Ψ|2 . This equation is the self-consistency condition for |Ψ|2 , including

the effects of fluctuations. The first term on the right-hand side matches (3.10), while the last term
goes to zero as T → 0. However, even in this limit we see that there is a correction to (3.10) due
to the second term in (3.20) which increases as the interaction strength increases. This suggests
that, at T = 0, the presence of interactions results in the gas not completely condensing, because of
fluctuations.
For

µ
3g2

< |Ψ|2 <

µ
g2 ,

the third term on the right-hand side is problematic because the term inside

the square root is negative for small momenta. Writing the exponent as a power series, we see that
this expression will only be real when the exponent is small enough that the power series can be
accurately truncated at linear order. In general, we will also end up getting an imaginary component
2 By equation of motion we mean that |Ψ|2 minimizes H − µN . This is equivalent to demanding thermodynamic equilibrium.
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in the integral. This term is analogous to the one-loop correction carried out in particle physics
for the effective potential of a scalar field that exhibits spontaneous symmetry breaking [122, 208].
The exact effective potential is real and convex, even though its perturbative expansion may have
complex terms [182] since the one loop correction is proportional to the logarithm of the second
derivative of the potential. Thus the one-loop correction gives a complex result if the potential is
concave. In [431], the authors argue that the imaginary part arising from the perturbative series of
the effective potential indicates an instability and relates to the decay rate [128]. In our case, this
would correspond to a complex chemical potential [128] with its imaginary part giving the decay
rate of the condensate.
Instead, we would like to find a formalism that gives us a real perturbative effective potential.
One approach to obtaining a real effective potential was explored in [108], where the usual free
energy H +

R

d3 x jφ was modified to H +

R

d3 x jφ2 , with φ being the scalar field and j an external

source. The idea is similar to that used in [214], where it was argued that the effective action should
be seen as a function of φ2 instead of hφi. In the next Section, we will see that some intuition of
this problem in our case of a BEC lends a solution similar to that of [108].
There is, however, another problem with the above analysis. According to the Hugenholtz-Pines
theorem [224], which is one of the Ward-Takahashi identities, the energy spectrum below Tc should
be gapless:
lim k = 0 ;

k→0

T ≤ Tc .

(3.21)

It is clear from (3.15) this condition can only be satisfied for µ = |Ψ|2 g2 . On the other hand, if
our solution obeys (3.20), then the spectrum cannot be gapless. This problem is commonly termed
the Hohenberg-Martin dilemma [218]. Therefore, we must somehow find a way to ensure that the
solution is both self-consistent, i.e., it satisfies the equation of motion
it satisfies (3.21).
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δΩ
δ|Ψ|2

= 0, and is gapless, i.e.,
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3.2

2-Body Interactions: Improved Treatment

To overcome the Hohenberg-Martin dilemma, we follow the Yukalov–Yukalova proposal [441] and
introduce two different chemical potentials — one for the condensed phase, µ0 , and another one
for the normal phase, µ1 . An explanation for the use of two different chemical potentials can be
found in section 4.3 of [442]. For an intuitive understanding of two different chemical potentials it
is worthwhile to compare the phase transition that occurs in this case compared to, say, the phase
transition associated with the melting of ice. In that case, until all of the ice converts into water,
the temperature does not rise and so at the melting point the fraction of particles in the two phases
changes. This is in contrast to the phase transition of a BEC wherein the fraction of particles in each
of the phases is fixed and cannot change unless one changes the temperature. Thus, the number
of particles in each of the phases is also conserved apart from the conservation of the total number
of particles. The two chemical potentials are distinct for T ≤ Tc , and allow us to simultaneously
enforce the condition of a gapless spectrum while ensuring that the solution is conserving. As we
will see the two chemical potentials become equal at T = Tc . For T ≥ Tc , there is of course a single
chemical potential, associated with the conserved particle number.
Thus the grand potential (3.2) for T ≤ Tc is generalized as follows
h
i
e
Ω = −kB T ln Tr e−β H ;

e ≡ Ĥ − µ0 N̂0 − µ1 N̂1 .
H

(3.22)

As before we Fourier transform the field and express the Hamiltonian in terms of creation and
annihilation operators. An important difference is that we will keep the contributions from higherorder terms as well. The result is
e =
H

4
X
i=0
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H
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where


e (0)
H

=

e (1)
H

=

e (2)
H


1
n0 g2 − µ0 N0 ;
2

0;
X  ~2 k 2



+ 2n0 g2 − µ1
2m
p g2 X  †
N0
ak1 ak1 +k2 a−k2
=
V
ki 6=0
g2 X † †
=
ak1 ak2 ak2 +k3 ak1 −k3 .
2V

=

k6=0

e (3)
H
e (4)
H



1
† †
+ n0 g2 ak a−k + a−k ak
;
2

+ a†−k2 a†k1 +k2 ak1 ;

a†k ak

(3.24)

ki 6=0

e (1) vanishes once again because hψ1 (x)i = 0. Note that the dependence on
The first-order term H
the condensate wavefunction Ψ is encoded in the number density n0 = |Ψ|2 .
To simplify the third- and fourth-order terms, we use the HFB approximation, e.g. [34]. In this
approximation the third-order contribution is neglected:
e (3) = 0 .
H
HFB

(3.25)

e (4) contribution, we introduce the momentum distribution of the particles
To evaluate the H
nk ≡ ha†k ak i ,

(3.26)

σk ≡ hak a−k i .

(3.27)

as well as the so-called anomalous average

In the oft-used Popov approximation [350, 351], the anomalous averages are ignored. However, this
is a reasonable assumption only near the critical temperature. Instead in this Section we will see
that keeping the anomalous average is essential in overcoming the Hohenberg-Martin dilemma.
Aside from the condensate number density, n0 = |Ψ|2 , we introduce n1 for the number density
of particles in the normal phase. The total number density is n = n0 + n1 . Similarly, σ will denote
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the density of the anomalous average. In other words, in terms of nk and σk we have
n1 =

1 X
nk ;
V

σ=

k6=0

1 X
σk .
V

(3.28)

k6=0

The anomalous average is conventionally taken as real, which can be achieved by redefining ψ1 (x)
by a constant phase.
With this notation, the fourth-order term in the HFB approximation becomes


X
e (4) = C4 + g2
H
4n1 a†k ak + σ a†k a†−k + a−k ak
.
HFB
2

(3.29)

k6=0

The constant C4 has been added to ensure that the HFB approximation preserves the expectation
D
E D
E
e (4) = H
e (4) .
value of the original Hamiltonian. That is, it is fixed by the requirement that H
HFB

On the one hand, the expectation value of (3.29) gives


D
E
e (4) = C4 + 2g2 V n21 + 1 σ 2 .
H
HFB
2

(3.30)

On the other hand, the last of (3.24) implies


D
E
e (4) = g2 V n21 + 1 σ 2 .
H
2

(3.31)


This fixes the constant to C4 = −g2 V n21 + 12 σ 2 . Therefore (3.29) becomes
e (4) = −g2 V
H
HFB



n21

1
+ σ2
2


+



g2 X 
4n1 a†k ak + σ a†k a†−k + a−k ak
.
2

(3.32)

k6=0

e (0) and H
e (2) , the Hamiltonian in the HFB approximation becomes
Adding this to H
e HFB = E0 +
H

X

~ωk a†k ak +

k6=0



1X
∆2 a†k a†−k + a−k ak ,
2

(3.33)

k6=0

where, analogously to the previous Section, we have defined
~ωk ≡

~2 k 2
+ 2ng2 − µ1 ;
2m

∆2 ≡ g2 (n0 + σ) ;

k =

q

~2 ωk2 − ∆22 .

(3.34)

The quantity E0 is the zero-point energy, given by:
E0
≡
V






1
1
n0 g2 − µ0 n0 − g2 n21 + σ 2 .
2
2
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We are now in a position to the fix the chemical potentials. The condensate chemical potential
E
D
e HFB
= 0. This gives
µ0 is fixed by the equation of motion, ∂ H∂Ψ
µ0 = (2n − n0 + σ)g2 .

(3.36)

To fix µ1 , we first perform a Bogoliubov transformation, (ak , a†k ) → (bk , b†k ), similar to (3.14), to
eliminate the off-diagonal terms. The resulting diagonal Hamiltonian is
X
X
e HFB = E0 + 1
H
(k − ~ωk ) +
k b†k bk .
2
k6=0

(3.37)

k6=0

The normal-phase chemical potential µ1 is fixed by demanding that the spectrum be gapless:
lim k = 0. This gives

k→0

µ1 = (2n − n0 − σ)g2 .

(3.38)

Comparing (3.36) and (3.38), we find that in order to have two different chemical potentials, we
cannot assume σ = 0. Thus ignoring the anomalous averages would lead us back to the HohenbergMartin dilemma.
We should stress that (3.38) holds only for T ≤ Tc . For T > Tc , the ground state is no
longer accessible, and (3.21) does not hold. Moreover, as T → Tc , the condensate fraction and the
anomalous average both go zero, n0 , σ → 0. As can be seen from (3.36) and (3.38), in this limit
µ0 = µ1 = 2ng2 . This is consistent with the disappearance of the condensate and the two phases
being replaced by a single phase of the normal Bose gas. For T ≥ Tc , the system is described as
usual by a single chemical potential µ. We will come back to this point in Sec. 3.2.1 when deriving
the equation of state.
The momentum distribution of the the quasiparticles is given by the usual Bose-Einstein distribution and we get the same relation for hb†k bk i as in (3.18). Using this, it is straightforward to
calculate the momentum distribution and anomalous average of normal-phase particles:
nk = ha†k ak i =

~ωk
coth
2k



k
2kB T


−

1
;
2

σk = hak a−k i = −
79

∆2
coth
2k



k
2kB T


.

(3.39)
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Note that σk is real, which traces back to the coefficients in the Bogoliubov transformation (3.14)
being real. To proceed, it is convenient to define dimensionless variables, representing respectively
the normal and anomalous fractions:
η=
By definition, the condensate fraction is

n0
n

n1
;
n

ξ=

σ
.
n

(3.40)

= 1 − η. Taking the continuum limit, we integrate nk

and σk to obtain the normal and anomalous fractions:
η
ξ


 2 
 
Z ∞ p
1/2 
3
s x
s3
2−1
√
1
+
1
+
x
coth
−
1
dx ;
3π 2
2t
2 2 0
1/2 

 2 
Z ∞ √
1 + x2 − 1
s3
s x
√
√
= ξ0 −
− 1 dx ,
coth
2t
2 2π 2 0
1 + x2

=

(3.41)

where we have introduced
γ=

1/3
mg2 n1/3
= a3 n
;
2
4π~

s2 = 4πγ(1 − η + ξ) ;

t=

mkB T
.
n2/3 ~2

(3.42)

Note that γ 3 measures the number of particles per scattering volume. Meanwhile, using (2.8) we
see that t ∼ T /Tc . Equations (3.41) are implicit expressions for η and ξ. (For instance, the factors
of s on the right-hand side depend on ξ.) In what follows, we will solve these implicit relations
numerically to obtain η = η(n, T ) and ξ = ξ(n, T ).
In the expression for ξ, the first term ξ0 is divergent and arises from the use of contact interactions. It can be regularized using dimensional regularization, together with the limiting condition that the anomalous average vanishes as the interaction strength vanishes [443]. This gives
ξ0 =

2s2
π 3/2

p
γ(1 − η). However, as pointed out in [322], this result is problematic in that it does

not lead to a second-order phase transition. To deal with this issue, [445] argued that the aforementioned expression for ξ0 is valid only for weak interactions at small temperatures, while at high
temperature ξ0 should be set to zero. To take this into account, we propose to multiply ξ0 by a
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phenomenological factor of 1 −

T
Tc



,


 2
T
2s p
γ(1 − η) ,
ξ0 = 1 −
Tc π 3/2

(3.43)

thereby ensuring that the anomalous average vanishes as the condensate disappears.

3.2.1

Equation of state

We have everything at our disposal to calculate the equation of state of the gas, P (n, T ) = −Ω/V .
Using the fact that hb†k bk i satisfies the Bose-Einstein distribution (3.18), and taking the continuum
limit, we obtain
1
E0
−
P (n, T ) = −
V
2

Z

d3 k
(k − ~ωk ) − kB T
(2π)3


d3 k
ln 1 − e−βk .
(2π)3

Z

(3.44)

We evaluate this for T ≤ Tc and T ≥ Tc separately.
• T ≤ Tc : The first term, proportional to the zero-point energy, can be evaluated by substituting (3.36) into (3.35):


1
E0
2
= −g2 n2 1 + ξ 2 − (1 − η − ξ)
.
V
2

(3.45)

The other terms can be expressed neatly in terms of ∆2 , given in (3.34). In terms of dimensionless variables,
∆2 = g2 n(1 − η + ξ) .

(3.46)

The second term in (3.44) can be evaluated using dimensional regularization. The result is
identical to (3.17), with ∆ replaced by ∆2 . Meanwhile, the gapless condition that fixed µ1
to (3.38) implies
~2 k 2
~ωk =
+ ∆2 ;
2m

s
k =

81

~2 k 2
2m




~2 k 2
+ 2∆2 .
2m

(3.47)
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Note that limk→0 k = 0, as desired. Putting everything together, the equation of state reduces
to

5/2
8m3/2 ∆2
1
2
P (n, T ≤ Tc ) = g2 n 1 + ξ − (1 − η − ξ) −
2
15π 2 ~3
r
"

#
Z
2 k2
~2 k 2
−β ~2m
d3 k
2m +2∆2
− kB T
ln 1 − e
.
(2π)3
2



2

(3.48)

The normal and anomalous fractions, η = η(n, T ) and ξ = ξ(n, T ), appearing in this equation
will be obtained by numerically solving the implicit equations (3.41).
• T ≥ Tc : By definition, above the critical temperature the condensate fraction and the anomalous average both vanish, n0 = ξ = 0, hence η = 1. Furthermore, as discussed below (3.38),
the normal Bose gas is described by a single chemical potential µ. In other words, in this
regime
∆2 = 0 ;

k = ~ωk =

~2 k 2
+ 2ng2 − µ ;
2m

E0
= −g2 n2 .
V

(3.49)

The integral for the temperature-dependent term is now the usual Bose integral and can be
written in terms of a polylogarithm. The equation of state for T ≥ Tc therefore becomes3
P (n, T ≥ Tc ) = g2 n2 +

√



2Γ (5/2) 5/2 3/2
T m Li5/2 eβ(µ−2ng2 ) .
2
3
3π ~

To find µ, we first use the standard thermodynamics relation
n=

√

∂P
∂µ

(3.50)

= n:



2Γ (5/2) 3/2 3/2
β(µ−2ng2 )
T
m
Li
e
.
3/2
3π 2 ~3

(3.51)

Inverting this equation gives µ = µ(n, T ), and substituting the result in (3.50) yields the
equation of state P = P (n, T ). Combined with (3.48), we therefore have the pressure of the
gas at all temperatures.
It is interesting to consider the T → 0 limit of (3.48). In this limit, the normal fraction goes to
zero, η → 0, but the anomalous fraction ξ remains finite. It is easy to show that the integral in the
3 The

polylogarithm of order n is defined as Lin (z) =

zk
k=1 kn .

P∞
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expression for ξ in (3.41) vanishes in this limit, hence ξ → ξ0 , with (3.43) reducing to
8 √ 3
a n + ...
ξ0 = √
π

(3.52)

where we have used the dilute Bose gas limit, a3 n  1. Meanwhile, (3.46) gives ∆2 ' ng2 . Putting
everything together, the pressure (3.48) in the T → 0 limit is4
P (T = 0) =



2π~2 a 2
112 √ 3
n 1+ √
a n + ... .
m
15 π

(3.53)

The leading term, P ∼ n2 , agrees with the mean-field result. The corrections are due to fluctuations.

Figure 3.1 The equation of state for the 2-body case, given by (3.48) and (3.50), as a function of
density (Left Panel) and temperature (Right Panel). Pressure is normalized by the ideal gas pressure
at the critical point. Density and temperature are normalized by the respective quantities at the
critical point. The red, green and blue curves correspond to γc = 0.1, 0.01 and 0.001 at the phase
transition.
Figure 3.1 (left) shows the pressure as a function of density. For small n, we get, P ∝ n, which
is reassuring since at low densities we would expect the system to behave like an ideal gas. For high
densities, we get P ∝ n2 , because of the contact interactions. Figure 3.1 (right) shows the pressure
as a function of temperature. We see that at large temperature, P ∝ T again confirming the ideal
gas behavior.

√

4 For

η = ξ = 0, we get P =

2π~2 a 2
n
m



1−

128
√
15 π

√


a3 n which is the well known dilute gas expansion in powers of

a3 n [224, 262, 371, 437]. Equation (3.53) differs from the known result due to additional corrections arising from
non-zero η and ξ in the first term of (3.48).
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3.2.2

Superfluid fraction

At this stage it is important to distinguish between the condensate and the superfluid components.
In general, the two phenomena are related to different aspects of the system. A BEC refers to the
macroscopic occupation of the ground state. A superfluid, on the other hand, is a quantum liquid
which exhibits zero viscosity, whose excitations are longitudinal phonons with linear dispersion
relation. While superfluidity is related to strong pair correlation between particles, BEC relates to
the coherence of the system.
In this Section, we give a brief description of superfluidity and the superfluid fraction [242].
We begin by briefly reviewing Landau’s criterion for superfluidity. In order for a fluid to exhibit
superfluidity, its flow in a medium must be accompanied by zero friction, i.e., no kinetic energy
should be dissipated into heat. Since a quantum system heats up via discrete thermal excitations,
we would like to find the condition under which the fluid cannot undergo a transition to the lowest
energy excitation.
Let the fluid be moving with a velocity v at T = 0, and the energy of these excitations be (p)
with associated momentum p. In the “laboratory” reference frame, the energy of such an excitation
would be
E(p) = (p) + p · v .

(3.54)

If E(p) < 0, then this excitation is energetically favorable. For E(p) < 0, the best case scenario is
for the momentum of the excitation to be in the opposite direction to the fluid velocity. Thus, a
necessary condition for the lowest energy excitation to occur is

v > min

(p)
p


.

(3.55)

Since v is positive definite, it follows that the fluid can exhibit superfluidity provided that

min

(p)
p
84


6= 0 .
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This is Landau’s criterion for superfluidity.
Since we did not make any assumption about the nature of the excitations, (3.56) is also valid at
finite temperature. In that case, however, some excitations are present in the fluid a priori. These
excitations can transfer energy to the walls of the medium, resulting in viscosity and normal fluid
behavior. We therefore end up with a situation wherein, at finite temperature, part of the fluid
behaves like a superfluid and moves without any viscosity, while the rest behaves like a normal fluid.
This is Landau’s phenomenological two-fluid picture.
Let vs and vn be the velocities, and ρs and ρn the densities, of the superfluid and the normal
components, respectively. The distribution function for the elementary excitations depends on the
relative motion between the superfluid and the normal components, and is characterized by
E 0 (p) = E(p) − p · vn = (p) + p · vs − p · vn .

(3.57)

The momentum density in the frame of the superfluid is given by
j0 = ρs vs + ρn vn − (ρs + ρn )vs = ρn (vn − vs ) .

(3.58)

On the other hand, we can also calculate this expression in terms of the distribution function n(p)
for phonons:
Z
j0 =

d3 p
p n(p) .
(2π~)3

(3.59)

At low temperature, the relevant excitations are phonons. They have vanishing chemical potential,
hence their distribution function is given by the Planck distribution: n(p) =

1
.
eβE 0 (p) −1

For small

values of vn − vs , we Taylor expand n(p) in powers of the velocity difference. The zeroth-order term
vanishes. Equating the first-order term with (3.58), we obtain
ρn =

1
3kB T

Z

d3 p 2 0
1
p n =
(2π~)3
12mkB T
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d3 k
k2

3
(2π) sinh2

k
2kB T

.
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Dividing this result by the total density and subtracting the result from unity gives the superfluid
fraction [444]
s5
ns = 1 − √
6 2π 2 t

Z
0

∞

x
dx √

√

3/2
1 + x2 − 1
2  .
1 + x2 sinh2 s2tx

(3.61)

Figure 3.2 Comparing the difference between the condensate and the superfluid fractions.
Figure 3.2 shows the condensate fraction (Left Panel) and superfluid fraction (Right Panel)
as a function of the dimensionless temperature t and interaction strength γ defined in (3.42). In
particular, note that at low temperature (t  1) and sufficiently strong interaction (γ ∼ O(1)) the
condensate fraction is very small whereas the superfluid fraction is close to unity. This highlights
the difference between condensate and superfluid behavior.

3.2.3

Comparison to Slepian-Goodman

We conclude this Section with a brief comparison to the paper by Slepian and Goodman [390], who
also computed the finite-temperature equation of state for DM with 2-body interactions using the
Hartree-Fock approximation. Conceptually, there are two major differences between their calculation
and ours: i) we have included the contribution from the anomalous average, whereas [390] ignored
it; ii) we have used two separate chemical potentials as described earlier.
Instead of γ, [390] uses a different dimensionless variable,
θ=

2/3 3 1/3
g2 nc
= 2 ζ(3/2)
a nc
,
kB T
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where in the last step we have used (2.7) to substitute for the critical density nc at the given
temperature T . The dilute gas approximation is valid at the critical density for θ  1, corresponding
to weak coupling. The relation to our γ is θ = 2 ζ(3/2)

2/3

γ(nc ).

Figure 3.3 Comparison of our equation of state (solid blue), given by (3.48), with that of Slepian
and Goodman [390] (dashed red), given by (3.65). For θ = 0.1 (bottom curves), corresponding to
a relatively dilute gas, there is good agreement. Both curves behave as P ∝ n for nnc  1 and
P ∝ n2 for nnc  1, as expected. For θ = 1 (top curves), the Slepian-Goodman equation of state
displays “unphysical lobe” around n = nc and becomes multi-valued, whereas our equation of state
is well-behaved throughout.
We briefly review the calculation of their equation of state, which is given by their Eqs. (16)−(18).
They begin by defining the normal fraction as
η=

nc Li3/2 (z)
.
n ζ(3/2)

(3.63)

For T > Tc , the normal fraction is set to unity, η = 1, and (3.63) can be used to solve for z. For
T ≤ Tc , on the other hand, they use


n
z = exp −θ
(1 − η) .
nc

(3.64)

Substituting this into (3.63) gives an implicit equation for η, which is the analogue of our (3.41).
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(Because [390] ignores the anomalous fraction σ, they obtain only one implicit equation instead of
two.) The solution to this implicit equation gives the normal fraction η, which upon substitution
in (3.64) gives z. With the solution for η and z at hand, they obtain the equation of state5

P =


 −1
1
3
1 − (1 − η)2 g2 n2 + kB T nc ζ
Li5/2 (z) .
2
2

(3.65)

To show the behavior of their equation of state, they plot the pressure of the gas as a function of
n for different values of θ. In Fig. 3.3 we compare (3.65) (dashed red curves) with our equation of
state (3.48) (solid blue curves) for θ = 0.1 and for θ = 1. For θ = 0.1, corresponding to a relatively
dilute gas, there is good agreement. Both curves behave as expected, with P ∝ n for
P ∝ n2 for

n
nc

n
nc

 1 and

 1, and the two regions are connected in a smooth manner. For θ = 1, however,

the Slepian-Goodman equation of state displays a pathological behavior for n ≈ nc . Instead of a
smooth curve, there is a kink and “an unphysical lobe” around n = nc , such that the pressure is
not a unique function of density. In contrast, our equation of state shows no such pathology and
remains single-valued throughout.

3.3

3-Body Interactions

We now consider the case in which we have 3-body contact interactions:
Z
Ĥ =



1
~2 †
2
†3
3
ψ (x)∇ ψ(x) + g3 ψ (x)ψ (x) ,
d x −
2m
3
3

(3.66)

where the coupling constant g3 has units of energy×volume2 . We could include a 2-body contact term
as well, provided it is suitably small, since the superfluid theory of Berezhiani and Khoury [70, 71]
relies on a dominant 3-body interaction. As shown in [70, 71], this theory results in an effective

5 There

is a minor typographical error in Eq. (17) of [390]. Following the details in Appendix A of their
paper, we found that H(ν̂0 ) should be replaced simply by ν̂0 . With this replacement, their Eq. (17) and
our (3.63) are consistent.
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phonon Lagrangian with the desired mean-field, zero-temperature equation of state,
PMOND =

~6
n3 .
12Λ2 m3

(3.67)

The relationship between g3 and these parameters is
g3 =

~6
' 7.5 × 103
8Λ2 m3



Λ
10−3 meV

−2 

mc2
10 eV

−3

eV µm6 .

(3.68)

In the analysis of [69], the best-fit values were mc2 = 1 eV and Λ = 0.05 meV. We will be interested
in somewhat different parameter values, namely mc2 ∼ 10 eV and Λ ∼ 10−3 meV, in order for the
dilute gas approximation to be valid.
The effective phonon action that results from (3.66) has the same power-law as the Bekenstein
3/2
~ 2
. This shows that a non-analytic scalar Lagrangian arises
Milgrom action [63], L ∼ (∇θ)
from a superfluid medium whose Hamiltonian (3.66) and equation of state (3.67) are both analytic.
With g3 > 0, as required for stability, unfortunately the resulting phonon Lagrangian has a wrong
sign compared to Bekenstein-Milgrom. The correct sign is obtained for the unstable potential
g3 < 0, however in this case the interaction between bosons is attractive and hence the homogeneous
BEC is unstable against collapse [70, 71].6 Despite the sign difference with Bekenstein-Milgrom,
the hexic model nevertheless serves as a toy model for DM superfluidity relevant for the MOND
phenomenon [70, 71].
As before we introduce two chemical potentials and work with the shifted Hamiltonian H̃ =
Ĥ − µ0 N̂0 − µ1 N̂1 . We split the field operator as in (3.5), and expand ψ1 in terms of creation
e (1) , H
e (3) and H
e (5) are zero in the HFB approximation, we shall
operators as in (3.6). Since H

6 To

see this explicitly, the
hexic potential is, in
r effective phonon theory resulting from a complex scalar field with

3/2
~ 2
−(
∇θ)
2
~
~ 2
the static limit, L ∼ (∇θ)
. This matches the Bekenstein-Milgrom Lagrangian L ∼ (∇θ)
for g3 < 0
g
3

only, which corresponds to an unstable potential. See the Appendix of [70] for a detailed derivation.
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henceforth ignore them. The remaining terms are:
e (0)
H

=

e (2)
H

=

e (4)
H

=

e (6)
H

=

g3 
−µ0 + n20 N0 ;
3



X  ~2 k 2
;
+ 3g3 n20 − µ1 a†k ak + g3 n20 a†k a†−k + a−k ak
2m
k6=0
i
g3 n0 X h † † †
ak1 ak2 ak3 ak1 +k2 +k3 + a†k1 +k2 +k3 ak1 ak2 ak3 + 3a†k1 a†k2 ak3 ak1 +k2 −k3 ;
V
ki 6=0
g3 X † † †
ak1 ak2 ak3 ak4 ak5 ak1 +k2 +k3 −k4 −k5 .
(3.69)
3V 2


ki 6=0

The dependence on the condensate wavefunction is encoded in the condensate number density,
n0 = |Ψ|2 .
In the HFB approximation, the fourth-order contribution becomes:
e (4)
H
HFB



1 2
2
= −6g3 N0 n1 + n1 σ + σ
2


X
†
† †
+3g3 n0
2(2n1 + σ)ak ak + (n1 + σ) ak a−k + a−k ak ,

(3.70)

k6=0

where the normal and anomalous densities are given once again by (3.28). The constant term was
D
E D
E
e (4) = H
e (4) , similarly to the steps leading to (3.32).
added to ensure that H
HFB

For the sixth-order term, the averaging procedure must be used twice. Averaging once gives
e (6)
H
HFB

=


D
E
D
E
g3 X
†
†
†
†
†
†
3a
a
a
a
a
a
+
a
a
a
a
a
a
k
k
k
+k
−k
k
k
k
1
4
2
3
4
2
3
4
k
k
k
k
−k
k
+k
+k
1
2
3
1
1
2
3
4
V2
ki 6=0

D
E
+ a−k1 ak1 a†k2 a†k3 a†k4 ak2 +k3 +k4
+ C6 .
(3.71)

e (6) is the same as that of
The constant C6 will be fixed shortly to ensure that the expectation of H
HFB
e (6) . The quartic correlators can be evaluated by averaging once more. For instance,
the original H
X

D

a†k2 a†k3 ak4 ak2 +k3 −k4

k2 ,k3 ,k4 6=0

E

=

X 
k2 ,k3 6=0

ha†k2 a†−k2 ihak3 a−k3 i + 2ha†k2 ak2 iha†k3 ak3 i





= V 2 2n21 + σ 2 .

(3.72)

E
E
XD †
XD † † †
ak2 +k3 +k4 ak2 ak3 ak4 =
ak2 ak3 ak4 ak2 +k3 +k4 = 3V 2 n1 σ .

(3.73)

Similarly, the other correlators give

ki 6=0

ki 6=0
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The sixth-order Hamiltonian (3.71) becomes
e (6) = 3g3
H
HFB

X




2n21 + σ 2 a†k ak + n1 σ a†k a†−k + a−k ak + C6 .

(3.74)

k6=0

The constant C6 is fixed by imposing

D
E
D
E
e (6) = H
e (6) . A straightforward calculation gives
H
HFB


C6 = −2g3 N1 2n21 + 3σ 2 . Substituting this into (3.74), we finally arrive at:
X

e (6) = −2g3 N1 2n21 + 3σ 2 + 3g3
H
HFB






2n21 + σ 2 a†k ak + n1 σ a†k a†−k + a−k ak .

(3.75)

k6=0

e (0) and H
e (2) from (3.69), the Hamiltonian in the HFB
Combining (3.70) and (3.75) with H
approximation once again takes the general form (3.33)
e HFB = E0 +
H

X

~ωk a†k ak +



1X
∆3 a†k a†−k + a−k ak ,
2

(3.76)

k6=0

k6=0

where the zero-point energy is now given by
 



µ0
E0
1 2
= g3 n0
n0 − 6n1 σ − 3σ 2 − 6n21 −
− 2n1 2n21 + 3σ 2
,
V
3
g3

(3.77)

and the coefficients of the quadratic terms by

~ωk

=

∆3

=



~2 k 2
+ 3g3 n0 (n0 + 2σ + 4n1 ) + σ 2 + 2n21 − µ1 ;
2m

2g3 n20 + 3n0 n1 + 3nσ .

(3.78)

At this point we can determine the chemical potentials. The chemical potential for the condensed
E
D
e HFB
= 0, which gives
phase is fixed by the equation of motion, ∂ H∂Ψ


µ0 = g3 n20 + 6nn1 + 3σ 2 + 2σ(2n + n1 ) .

(3.79)

To determine the chemical potential for the normal phase, we must once again perform a Bogoliubov
transformation to bring the Hamiltonian in the diagonal form (3.37). The dispersion relation is
k =

q

~2 ωk2 − ∆23 ,
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with ωk and ∆3 now given by (3.78). Demanding that the spectrum be gapless, lim k = 0, fixes µ1
k→0

to


µ1 = g3 n20 + 6nn1 + 3σ 2 − 6n1 σ .

(3.81)

The normal and the anomalous averages, nk and σk , are given by the same relations (3.39).
Integrating over momenta gives us the normal and anomalous fractions, η = n1 /n and ξ = σ/n.
The result is identical to (3.41):
η
ξ


 
 2 
Z ∞ p
1/2 
3
s3
s x
2
1+ √
1+x −1
− 1 dx ;
=
coth
3π 2
2t
2 2 0
1/2 
 2 

Z ∞ √
1 + x2 − 1
s3
s x
√
= ξ0 − √
coth
− 1 dx ,
2t
2 2π 2 0
1 + x2

(3.82)

with γ, s and t now given by:
γ=

g3 mn4/3
;
2π~2

h
i
s2 = 4πγ (1 − η)(1 + 2η) + 3ξ ;

t=

mkB T
.
n2/3 ~2

(3.83)

The divergent term ξ0 is calculated using dimensional regularization and multiplied by a phenomeno

logical factor of 1 − TTc . The result is

 2
T
2s p
ξ0 = 1 −
γ(1 − η)(1 + 2η) .
Tc π 3/2

3.3.1

(3.84)

Equation of state

As before, in the continuum limit the pressure P (n, T ) = −Ω/V is given by
P (n, T ) = −

E0
1
−
V
2

Z

d3 k
(k − ~ωk ) − kB T
(2π)3

Z


d3 k
ln 1 − e−βk .
3
(2π)

(3.85)

Once again we can be evaluated this expression for T ≤ Tc and T ≥ Tc separately.
• T ≤ Tc : The zero-point energy can be evaluated by substituting (3.79) into (3.77):




E0
2
2
3
= −4g3 n3 1 + ξ 2 1 + 2η + ξ + (1 − η − ξ)3 − (1 − η − ξ)2 .
V
3
3
2
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The other terms can be expressed neatly in terms of ∆3 , given in (3.78). In terms of dimensionless variables,


∆3 = 2g3 n2 (1 − η)(1 + 2η) + 3ξ .

(3.87)

The second term in (3.85), evaluated using dimensional regularization, is identical to (3.17)
with ∆ replaced by ∆3 . Analogously to (3.47), the gapless condition that fixed µ1 to (3.81)
once again leads to
s
k =

~2 k 2
2m




~2 k 2
+ 2∆3 .
2m

(3.88)

Putting everything together, the equation of state becomes
P (n, T ≤ Tc )

=





2
2
3
4g3 n3 1 + ξ 2 1 + 2η + ξ + (1 − η − ξ)3 − (1 − η − ξ)2
3
3
2
r
"

#
Z
5/2
2
2
3
~2 k 2
k
−β ~2m
d k
8m3/2 ∆3
2m +2∆3
−
. (3.89)
− kB T
ln 1 − e
15π 2 ~3
(2π)3

We will solve the implicit equations (3.82) numerically to obtain η = η(n, T ) and ξ = ξ(n, T ).
• T ≥ Tc : By definition, above the critical temperature the condensate fraction and the anomalous average both vanish, n0 = ξ = 0, hence η = 1. Furthermore, as discussed below (3.38),
the normal Bose gas is described by a single chemical potential µ. In other words, in this
regime
∆3 = 0 ;

k = ~ωk =

~2 k 2
+ 6g3 n2 − µ ;
2m

E0
= −4g3 n3 .
V

(3.90)

The integral for the temperature-dependent term is now the usual Bose integral and can be
written in terms of a polylog as:
P (n, T ≥ Tc ) = 4g3 n3 +

√



2
2Γ (5/2) 5/2 3/2
T m Li5/2 eβ (µ−6n g3 ) .
2
3
3π ~

To find µ, we first use the standard thermodynamics relation
n=

√

∂P
∂µ

= n:



2
2Γ (5/2) 3/2 3/2
T m Li3/2 eβ (µ−6n g3 ) .
2
3
3π ~
93

(3.91)

(3.92)

Chapter 3. The Equation of State of Dark Matter Superfluids
Inverting this equation gives µ = µ(n, T ), and substituting the result in (3.50) yields the
equation of state P = P (n, T ). Combined with (3.89), we therefore have the entire pressure
profile of the gas.

Figure 3.4 The equation of state for the 3-body case, given by (3.89) and (3.91), as a function of
density (Left Panel) and temperature (Right Panel). Pressure is normalized by the ideal gas pressure
at the critical point. Density and temperature are normalized by the respective quantities at the
critical point.
Once again it is instructive to consider the T → 0 limit. As in the 2-body case, the normal
fraction goes to zero, η → 0, but the anomalous fraction ξ ' ξ0 remains finite. Using (3.83), we
have
ξ0 =

1
π2



2mg3
~2

3/2

n2 + . . .

(3.93)

The dilute Bose gas limit therefore corresponds to
1  mg3 3/4
n  1,
π ~2

(3.94)

which is equivalent to γ  1. Meanwhile, (3.87) gives ∆3 ' 2g3 n2 . Putting everything together,
the zero-temperature equation of state is
2
P (T = 0) = g3 n3
3

22
1+ 2
5π



2mg3
~2

3/2

!
2

n + ...

.

(3.95)

This is the analogue of (3.53) for 3-body interactions. The leading term, P ∼ n3 , agrees with the
mean-field result, while the corrections are due to fluctuations.
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Figure 3.4 (left) shows the pressure as a function of density. We see that P ∝ n for small n,
consistent with an ideal gas, whereas P ∝ n3 for large n. Figure 3.4 (right) shows the pressure as a
function of temperature. We see that at large temperature, P ∝ T again confirming the ideal gas
behavior.

Figure 3.5 Comparison between the condensate fraction (Left Panel) and the superfluid fraction
(Right Panel). For strongly interacting gases (γ ∼ O(1), the superfluid fraction remains close
to unity, despite the condensate fraction becoming small. The superfluid fraction is the relevant
quantity to get the MOND phenomenon.

3.3.2

Superfluid fraction

The derivation of the superfluid fraction in Sec. 3.2.2 applies verbatim to the present case. The expression (3.61) for ns is still valid, except that the dimensionless parameters are now given by (3.83).
Figure 3.5 shows the condensate fraction (Left Panel) and superfluid fraction (Right Panel) as a
function of the dimensionless temperature t and interaction strength γ. In particular, we note that
in the low temperature (t  1) and strong interaction (γ ∼ O(1)) regime, the superfluid fraction
remains close to unity, whereas the condensate fraction goes to zero. This corner of parameter space
is relevant to the MOND phenomenon, and it is reassuring to see that the superfluid component
dominates in this regime.
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3.4

Application: Finite-Temperature Density Profiles

With knowledge of the equation of state P = P (n, T ), we can now calculate the superfluid DM
density profile. For this purpose we will make a number of simplifying approximations, leaving to
future work a more detailed derivation of density profiles and explicit fits of galactic rotation curves
along the lines of [69].
Specifically, we focus on spherically-symmetric and static profiles, neglecting the contribution
of baryons. The density profile is specified by the condition of hydrostatic equilibrium,
−mn(r) dΦ
dr , where the gravitational potential satisfies the Poisson equation,

1 d
r 2 dr

dP (r)
dr

=


r2 dΦ
dr = 4πGN mn(r).

Combining these equations we obtain
1 d
r2 dr



r2 dP (n, T )
n(r)
dr



= −4πGN m2 n(r) ,

supplemented by smooth boundary conditions at the origin: n(r = 0) = n0 and

(3.96)
dn
dr (r

= 0) = 0.

We assume that the superfluid has a constant temperature, T = const., consistent with thermal
equilibrium. As we will see, the resulting density profile consists of a nearly homogeneous core,
where the superfluid component dominates, surrounded by an isothermal “atmosphere”, where the
normal component dominates. In the normal phase the equation of state is approximately that of
an ideal gas, P ' kB T mn, and the solution to (3.96) is the usual isothermal profile, ρ ∼ 1/r2 , with
the enclosed mass increasingly linearly, M (r) ∼ r. In this region the relation between temperature
and enclosed mass is kB T =

GN mM (r)
2r

= constant.

Let us denote by Rsf denote the superfluid core radius at which the phase transition takes place.
The core mass is similarly denoted by Msf . By continuity, the temperature of the superfluid region
can then be expressed as
T =

GN Msf m
mc2
Msf
=
2Rsf kB
10 eV 109 M
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Rsf
10 kpc

−1

3 × 10−4 K .

(3.97)
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Since the temperature is fixed, the phase transition occurs at a critical density nc given by (2.7):

nc =

mc2
10 eV

3 

Msf
109 M

3/2 

Rsf
10 kpc

−3/2

2.6 × 103 cm−3 .

(3.98)

In other words, the transition from superfluid core to isothermal normal region occurs when the
density equals nc .
As we move to larger radii in the normal region, the number density eventually becomes too
low to sustain thermal equilibrium. At that point we expect the profile to revert to a collisionless
profile, such as the NFW profile. In a recent paper [69], the matching to the NFW profile was
done explicitly by imposing suitable junction conditions. The analysis of [69] focused on the DM
superfluid effective theory relevant for MOND [70, 71], and included a realistic treatment of the
baryon distribution.
In this work we ignore the NFW envelope and focus on the superfluid/normal region, where thermal equilibrium is justified. Per [69], this assumption is valid particularly for low-surface brightness
galaxies, where most of the mass is in the condensed phase. For concreteness, our prototypical
galaxy has parameters
Rsf = 10 kpc ;

3.4.1

Msf = 4.7 × 109 M .

(3.99)

Density profile with 2-body interactions

Let us start with the 2-body equation of state, derived in Sec. 3.2.1. To gain some ballpark intuition
on the required range of parameter values, it is instructive to study the density profile at T = 0.
Recall that the mean-field, zero-temperature equation of state is given by the leading term in (3.53):

P (T = 0) '

2π~2 a 2
g2 2
n =
n ,
2
m
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where a is the scattering length defined in (3.4). This approximation is valid for a3 n  1. The
hydrostatic equation (3.96) reduces to an n = 1 Lane-Emden equation,
1 d
y 2 dy


y

2 dΞ



dy

= −Ξ ,

(3.101)

with dimensionless variables
r

n
;
Ξ≡
n0

y≡

GN m3
r,
~2 a

(3.102)

where n0 is the central density. The exact solution, satisfying the boundary conditions Ξ(0) = 1
and Ξ0 (0) = 0, is
Ξ(y) =

sin y
.
y

(3.103)

The profile terminates at y = π, which sets the core radius:
s

−3/2
r
~2 a
a
mc2
Rsf = π
' 18
kpc .
m3 GN
µm 10 eV
Meanwhile, the central density is related to the mass of the superfluid core via [116] n0 =

(3.104)
π Msf
3 m,
4 Rsf

which gives
n0 '



Msf
109 M

a
µm

−3/2 

mc2
10 eV

7/2

5.1 × 105 cm−3 .

(3.105)

We can now generalize the analysis to the finite-temperature case, including fluctuations. Substituting (3.104) for Rsf into (3.97), we find a DM temperature of
Msf
T = 9
10 M



mc2
10 eV

5/2 

a
µm

−1/2

2 × 10−5 K .

(3.106)

The critical density nc at this temperature is obtained by substituting for Rsf in (3.98):

nc =

Msf
109 M

3/2 

mc2
10 eV

21/4 

a
µm

−3/4

1.1 × 103 cm−3 .

(3.107)

To solve for the density profile, we evaluate the finite-temperature equation of state (3.48) at the
temperature (3.106), and substitute the result into the hydrostatic equation (3.96). For concreteness,
we choose the fiducial parameter values
mc2 = 25 eV .

a = 4.0 µm ;
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Figure 3.6 Density profiles for our finite temperature calculation (solid blue) and for the mean-field,
T = 0 calculation (dashed red). The phase transition occurs at Rsf = 10 kpc, where we notice a
drop in density in the finite-temperature case.
Figure 3.6 shows the solution for the finite-temperature density profile (solid curve) for a superfluid
region of mass Msf = 4.7 × 109 M . The temperature of the halo, according to (3.106), is in this
case T = 3.25 mK. In practice, we substitute this temperature into the equation of state (3.48),
and then adjust n0 until the resulting profile matches the assumed mass Msf . This procedure gives
n0 = 1.57 × 106 cm−3

(3.109)

Note that this central density together with the scattering length (3.108) satisfy the dilute Bose gas
condition a3 n  1. From the plot, we notice a small drop in density at Rsf ' 10 kpc, which is where
the phase transition takes place. For comparison, the dashed curve shows the mean-field, T = 0
density profile (3.103), for the same central density.
Note that the fiducial parameters (3.108) blatantly violate the constraint on the scattering cross
section per unit mass,

σscat
m

>
∼ 0.5

cm2
g ,

derived from merging clusters [213, 279, 355]. In terms of
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the scattering length, σscat = 4πa2 , this bound translates to
r
mc2
a<
6 × 10−5 fm .
∼
eV

(3.110)

It is easy to choose other values of a and m that satisfy the merging cluster constraint. For instance,
a = 3 × 10−7 fm and mc2 = 0.1 meV satisfy the constraint and imply Rsf ' 10 kpc as desired. It is
worth keeping in mind, however, that this merging cluster constraint was derived in the context of
self-interacting dark matter (SIDM) [394] and should be carefully revisited with superfluid DM.

3.4.2

Density profile with 3-body interactions

Moving on to the 3-body case, let us once again begin with the mean-field, zero-temperature profile,
as originally derived in [70, 71]. The equation of state in this approximation is given by the leading
term (3.95):
P (T = 0) '

~6
2
g3 n3 =
n3 .
3
12Λ2 m3

(3.111)

where in the last step we have used (3.68). The hydrostatic equation reduces this time to an n = 1/2
Lane-Emden equation [70, 71],
1 d
y 2 dy



dΞ
y2
= −Ξ1/2 ,
dy

(3.112)

where the dimensionless variables are now
s

n2
Ξ= 2;
n0

y≡

32πGN Λ2 m5
r.
~6 n0

(3.113)

The boundary conditions are once again Ξ(0) = 1 and Ξ0 (0) = 0.
The numerical solution is plotted in Fig. 4 of [70]. A simple analytical form that closely approximates the exact solution is [70, 71]

Ξ(y) ' cos

π y
2 y1


y1 ' 2.75 .

;

(3.114)

In other words,
n(r) ' n0 cos1/2
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The profile terminates at y = y1 , which sets the core radius:
s
Rsf =

~6 n 0
y1 .
32πGN Λ2 m5

(3.116)

The central density is related to the mass of the condensate region as follows [116]
n0 =

y1
Msf
3 m |Ξ0 (y )| ,
4πRsf
1

(3.117)

where, from the numerical solution, Ξ0 (y1 ) ' −0.5.
Equations (3.116) and (3.117) can be solved for Rsf and n0 as a function of Msf :
−2/5
Λ m3 c6
11 kpc ;
10−3 meV (10 eV)3
−1 

2/5 
6/5
Λ m 3 c6
Msf
mc2
'
4.0 × 106 cm−3 .
109 M
10 eV
10−3 meV (10 eV)3


Rsf
n0

'

Msf
109 M

1/5 

(3.118)

Note that Rsf depends on Msf in this case, in contrast with the 2-body result (3.104).

Figure 3.7 Density profiles for our finite temperature calculation (solid blue) and for T = 0 (dashed
red). The phase transition occurs at Rsf = 10 kpc, where we notice a drop in density in the
finite-temperature case.
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We now generalize the analysis to the finite-temperature case, including fluctuations. Substituting the expression (3.118) for Rsf into (3.97), we find a DM temperature of
T =

mc2
10 eV



4/5 

Msf
109 M

10−3

Λ m3 c6
meV (10 eV)3

2/5

2.5 × 10−3 K .

(3.119)

The critical density nc at this temperature is obtained by substituting for Rsf in (3.98):

nc =

Msf
109 M

6/5 

mc2
10 eV

3 
10−3

Λ m3 c6
meV (10 eV)3

3/5

2.4 × 103 cm−3 .

(3.120)

Using the temperature (3.119), we evaluate the finite-temperature equation of state (3.89) and
substitute the result into the hydrostatic equation (3.96). For concreteness, we choose the fiducial
parameter values
mc2 = 17 eV ;

Λ = 1.2 × 10−3 meV ,

(3.121)

Figure 3.7 shows the solution for the finite-temperature density profile (solid curve) for Msf =
1.0 × 1010 M , corresponds to a halo temperature (3.119) of T = 1.2 mK. As before, we adjust n0
until the resulting profile matches the assumed mass Msf , with the result
n0 = 2 × 104 cm−3 .

(3.122)

We notice a small drop in density at Rsf = 10 kpc, which is where the phase transition takes place.
For comparison, the dashed curve shows the mean-field, T = 0 density profile given by (3.115), for
the same central density. It remains to check that the dilute Bose gas condition (3.94) is valid. A
straightforward calculation gives

3.5

1
π


mg3 3/4
~2

n0 ' 0.1 for the fiducial parameters (3.121).

Summary

In this Chapter we calculated the finite-temperature DM density profile, for superfluids with 2body and 3-body interactions, using a self-consistent mean-field approximation. The 3-body case
serves as a toy model for the superfluid theory of [69–71] to realize the MOND phenomenon. To
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simultaneously satisfy the mean-field self-consistency condition and ensure that the spectrum is
gapless for T ≤ Tc , we followed the Yukalov–Yukalova approach based on two chemical potentials:
one for the condensed phase, and another one for the normal phase. Our calculation includes the
contribution from the anomalous average, which is critical in overcoming the Hohenberg-Martin
dilemma.
With knowledge of the equation of state P = P (n, T ), we derived the superfluid DM density
profile in both 2-body and 3-body cases, for a fiducial galaxy with M ∼ 109 M . For simplicity
we focused on static, spherically-symmetric halos and ignored the contribution of baryons. We also
assume a constant temperature, T = const., consistent with thermal equilibrium. The resulting
density profile consists of a nearly homogeneous core, where the superfluid component dominates,
surrounded by an isothermal “atmosphere”, where the normal component dominates. The phase
transition from superfluid core to isothermal normal region occurs when the density drops to the
critical value.
Our results form the basis of a more detailed investigation of DM density profiles and explicit fits
of galactic rotation curves, along the lines of [69]. In future work, we should include the contribution
from realistic baryon distributions. Furthermore, we should consider the transition to the collisionless
profile (such as the NFW profile), which occurs when the density is too low to sustain thermal
equilibrium.
It would also be interesting to repeat the analysis for the more realistic superfluid effective
theory proposed in [70, 71]. As mentioned in Sec. 3.3, the hexic Hamiltonian (3.66) gives a phonon
action with the same power-law as the Bekenstein-Milgrom action, but is off by a sign. A more
complicated Hamiltonian was proposed in [70, 71] that gives the correct phonon action and has
stable perturbations. We plan to derive the self-consistent finite-temperature equation of state for
that more realistic model in future work.
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Baryon-Interacting Dark Matter
Over the last two chapters we studied various aspects of superfluid DM. The idea behind this
model was to use the long ranged phonon mediated forces of the DM superfluid to reproduce the
MOND Lagrangian and subsequently derive the MDAR or the RAR. Other scaling relations such
as the BTFR and the CSDR follow from the MDAR. In this chapter we’ll study an alternative
way of deriving the scaling relations that are exhibited by disk galaxies. While we’ll once again
use interactions between baryons and DM to reproduce these scaling relations, unlike superfluid
DM, the interactions in this chapter will be short ranged. These particle interactions between
baryons and DM result in a unique DM density profile for a given baryonic density profile and
hence reproduce the MDAR. In this chapter we’ll study the phenomenological properties of these
baryon-DM interactions.

4.1

Motivation

In [172] a novel mechanism was proposed in which the observed tight relation between the distribution of baryons and the overall gravitational field in galaxies is the outcome of relatively short-range
interactions between baryons and DM. The idea put forward was that the desired DM profile may
naturally emerge as the equilibrium configuration resulting from DM-baryon short-range (collisional)
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interactions. This required replacing the traditional collisionless Boltzmann equation describing the
DM fluid by a collisional Boltzmann transport equation with two fluids. The first and second order moments of this equation yield respectively the traditional Jeans’ equation (akin to hydrostatic
equilibrium) and a heat transport equation describing the exchange of energy between baryons and
DM. For static and isotropic configurations, the heat equation implies an actual equilibrium between the divergence of the heat flux within the DM fluid and the heating rate due to baryons.
By retro-engineering the observationally-inferred knowledge of the MDAR in rotationally-supported
disk galaxies, it was shown that an equilibrium configuration reproducing the MDAR can be attained if: i) the heating rate is inversely proportional to the DM density; and ii) if the relaxation
time of DM particles is comparable to the dynamical time.
Specifically, [172] concentrated on collisional interactions between heavy DM particles and baryons,
in which baryons effectively cooled the DM medium. It demonstrated that, as long as the BTFR
was obeyed at large radii, the MDAR would be satisfied at all radii. While setting the stage for
follow-up studies, our original model suffered from a few important caveats. Firstly, the BTFR had
to be assumed at equilibrium, and it was unclear how it might be achieved in the time-dependent
case. Secondly, since the mechanism relied on cooling the DM fluid to reach equilibrium, one would
need to start from relatively hot initial conditions, in contradiction with the successes of ΛCDM
on large scales, or, alternatively, the center of DM halos would need to be strongly up-scattered
by very efficient feedback before being allowed to cool again. An additional concern is that the
cooling mechanism could lead, in self-consistent simulations, to flattened DM halos or prominent
dark disks, once halos have an initial spin. Finally, it was assumed that we could coarse-grain the
baryonic and DM distribution functions over a typical scale of a few pc, which cannot be the case
for purely collisional interactions between DM particles and stars without strongly enhancing the
DM density around stars.
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4.1.1

Baryon-interacting DM

In this chapter we build on and further develop the original scenario of [172] in several crucial
ways. Most importantly, instead of baryon-DM interactions cooling the DM medium, we now focus
exclusively on the case where the DM fluid is heated by baryons. This is a priori more desirable from
the point of view of galaxy formation, since DM heating can transform cusps into cores in central
regions of galaxy halos. It also avoids the concern of forming flattened halos or dark disks. A second
key difference pertains to the form of DM-baryon interactions. Whereas our original analysis [172]
focused exclusively on short-range particle-particle collisions between DM and baryons, in the present
analysis we remain general about the form of such interactions, which could happen on a pc-range.
The basic framework is otherwise similar to [172]. After reviewing the MDAR in Sec. 4.2, we
set up in Sec. 4.3 a bottom-up approach to identify phenomenologically the kind of DM-baryon
interactions necessary to reproduce the MDAR. By taking the first few velocity moments of a
collisional Boltzmann transport equation, we obtain a hydrodynamical description of DM governed
by a continuity equation, a Jeans’ or momentum equation, and, crucially, a heat equation describing
energy exchange between DM and baryon components. These are supplemented by the standard
Poisson equation determining the gravitational field.
The microphysics of DM is encoded in three physical quantities. The first quantity is the DM
equation of state, P = P (ρ, v), specifying the pressure as a function of density ρ and velocity
dispersion v (equivalently, temperature). The second quantity is the relaxation time, trelax , which
fixes the thermal conductivity. The relaxation time is the characteristic time for DM to reach
equilibrium either through self-interactions or interactions with other sectors, such as baryons. The
˙
third quantity is the heating rate, mathcalE,
which is determined by the microphysics of DM-baryon
interactions.
Remarkably, the set of hydrodynamical equations is invariant under a one-parameter anisotropic
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space-time scaling transformation, ~x → λ~x, t → λz t, for any z, provided that the DM pressure,
relaxation time and heating rate transform suitably. We take this as a powerful hint to fix the
parametric dependence of each quantity. Starting with the equation of state, it turns out that the
ideal gas form
P = ρv 2

(4.1)

is invariant for any z. What makes the ideal gas equation of state particularly appealing is its
universality. It is valid as long as DM is sufficiently dilute, in the sense that the average interparticle separation is large compared to the mean free path.
The scaling symmetry requires that the relaxation time transform as trelax → λz trelax . A natural
choice in galactic dynamics which satisfies the desired scaling is the Jeans time,
trelax ∼ √

1
.
GN ρ

(4.2)

This can be achieved in disk galaxies, for instance, if DM relaxes primarily through interactions
with the baryonic disk, which thereby acts as a mediator of heat for the DM medium [172]. In
this case the relaxation time is set by the characteristic time it takes for a DM particle to find the
baryonic disk, which is the Jeans time. This is analogous in kinetic theory to the Knudsen regime
of ultra-dilute gases, where molecules reach local thermal equilibrium by colliding with the walls of
the container rather than among themselves [348].
The final ingredient is the heating rate. To fix its form, we assume that the heating rate explicitly
breaks scaling invariance for any z except z = 1/2. This choice is empirically motivated by the
4
BTFR, since the relevant ratio Vflat
/Mb is invariant under the z = 1/2 transformation. We will argue

in Sec. 4.3.4 that this scaling, together with physically-plausible assumptions, fixes the dependence
of the heating rate to
ρb
Ė
∼ a0 v .
m
ρ
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The proportionality constant, which has units of acceleration, has been fixed empirically to match the
MDAR characteristic acceleration scale a0 . This scale must somehow emerge from the microphysics
of DM-baryon interactions.
Once the equation of state, relaxation time and heating rate are fixed, we will show that in
the DM-dominated regime our equations enjoy a larger, approximate symmetry. Namely, the circular velocity curves V1 (R) and V2 (R) of two DM-dominated exponential disks with different scale
lengths L1 and L2 and different total baryonic masses Mb,1 and Mb,2 must be related by:

V2 (R) =

Mb,2
Mb,1

1/4
V1



L1
L2 R



.

(4.4)

This encodes both the BTFR and the CSDR, at the root of the diversity of rotation curves.
We will then explore in more details in Sec. 4.4 how Eqs. (4.1)–(4.3) are sufficient ingredients to
reproduce the MDAR. Specifically, we begin in Sec. 4.4.1 by recalling how a cored pseudo-isothermal
profile can, for suitable choice of its central density and core radius, reproduce the MDAR. Our
working assumption, therefore, is that DM halos, through baryon-DM energy exchange and/or DM
self-interactions, reach a cored pseudo-isothermal profile in the region enclosing the galactic disk.
By focusing on static, equilibrium configurations, we proceed in Sec. 4.4.2 to show that the cored
pseudo-isothermal profile, with suitable parameters to reproduce the MDAR, is a solution to our
hydrodynamical equations. Specifically, in the flat part of the rotation curve the rotational velocity
asymptotes to
4
Vflat
∼ a0 GMb log

R0
.
r

(4.5)

The prefactor matches the parametric dependence of the BTFR. Unfortunately within the static
analysis we are unable to determine the arbitrary radius R0 (which must be larger than the galaxy)
or its scatter. Meanwhile, in the central region of galaxies, we show in Sec. 4.4.3 that, for high-surface
brightness (HSB) galaxies which are baryon-dominated near the center, the DM profile reproduces
the CSDR with the behavior of the ‘simple’ interpolating function of MOND [171]. In Sec. 4.4.4
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we go beyond the equilibrium treatment and study the time-dependent approach to equilibrium,
considering only average quantities suitable for the DM-dominated regime. This allows us to derive
a particular combination of the DM velocity dispersion and surface density, which matches the
combination of BTFR and CSDR. Therefore, if one takes the BTFR as a given (per the equilibrium
analysis), this constraint yields the central density relation naturally for DM-dominated galaxies.
We move on in Sec. 4.5 to analyze the astrophysical and cosmological implications of our model.
The form of the heating rate (4.3) allows us to derive very general results, irrespective of the
underlying microphysical model. The only assumption is that whatever DM-baryon interactions are
at the root of this heat exchange still apply in the astrophysical/cosmological context of interest.
For this purpose, the inverse-density dependence of Ė/m is a welcome feature phenomenologically.
It implies a suppressed heat exchange in the early universe, allowing us to comfortably satisfy
constraints from the CMB and the large scale structure. Intriguingly, as shown in Sec. 4.5.3 the
heat exchange between DM and baryons, which acts to cool the neutral gas prior to the Cosmic
Dawn, provides a possible explanation to the anomalous EDGES signal at z ' 17. This is unlike
other DM-baryon explanations of the EDGES excess, such as millicharged DM, which typically run
afoul of CMB constraints [130, 252].
It remains to construct a full-fledged model of particle physics that realizes the desired interactions. In the Conclusions section (Sec. 4.6) we will discuss various promising avenues for model
building to be pursued elsewhere.

4.2

The MDAR and galactic scaling relations

In section 1.4.2, we saw the scaling relations that are observed for rotationally-supported galaxies.
These scaling relations can be summarized in the MDAR, which is expressed mathematically in
(1.26). Immediate consequences of the MDAR are the BTFR and the CSDR which take the math-
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ematical form of (1.23) and (1.24) respectively.
An aspect of the scaling relations is the observed diversity of shapes, as shown in Figure 1.18. LSB
galaxies are particularly interesting because they imply a scaling symmetry, which is at the root of
the MOND paradigm [296–298]. Indeed the idea of MOND is that below the acceleration scale a0 ,
corresponding to the DM-dominated regime, dynamics are invariant under the space-time scaling
~x → λ~x ;

t → λt .

(4.6)

This implies, in particular, that, two LSB exponential disks of same total mass Mb but different
scale-lengths L1 and L2 , will have identical rotation curves expressed in scale-length units. More
generally, combining this with the BTFR, the circular velocities V1 and V2 of two LSB disks should
be related by

V2 (R) =

Mb,2
Mb,1

1/4
V1



L1
L2 R



,

(4.7)

where R is the axisymmetric radius within the galactic plane of each galaxy.
One can think of the above scaling relations as follows. The BTFR (1.23) is a global constraint,
relating the asymptotic rotational velocity to the total baryonic mass at large R. The CSDR (1.24)
constrains the total and baryonic central surface densities as R → 0. For DM-dominated LSB
galaxies, these two scaling relations can be summarized by the scale invariant equation (4.7). More
generally, all these scaling relations can be summarized by the MDAR (1.26), which is a local relation
between the baryonic and DM gravitational accelerations valid at every point in the galaxy.

4.3

Baryon-Interacting Dark Matter

We begin with a brief review of the general framework laid out in [172]. The starting point is a
generalization of the usual collisionless Boltzmann equation for DM to a Boltzmann transport equation, which includes a collisional integral encoding interactions between DM particles and baryons.
For simplicity, we will restrict our attention to the zeroth, first and second velocity moments of this
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equation, which respectively enforce mass, momentum and energy conservation:
∂ρ ~
+ ∇ · (ρ~u) = 0 ;
∂t


∂
~ ui + 1 ∂j P ij
+ ~u · ∇
∂t
ρ


3 ∂
~ T + 1 P ij ∂i uj +
+ ~u · ∇
2 ∂t
m ρ
Here, ~u ≡ h~v i is the bulk DM velocity, P ij ≡ ρ
m
v −~u|2 i
3 h|~

v i − ui

(4.8a)
= gi ;

(4.8b)

1~
Ė
∇ · ~q =
.
ρ
m

(4.8c)



v j − uj



is the pressure tensor, T ≡

is the local DM temperature, and ~q ≡ 12 ρh(~v −~u)|~v −~u|2 i is the heat flux. The local heating

rate Ė is due to interactions with baryons. The (total) gravitational acceleration ~g is determined as
usual by the Poisson equation
~ · ~g = −4πGN (ρ + ρb ) .
∇

(4.9)

The baryon mass density ρb (~x) will be treated as an input specified by observations. Moreover,
in what follows we will be interested in velocity distributions that are approximately isotropic, in
which case
Pij ' P δij

valid for |~u|  v ,

where we have introduced the one-dimensional velocity dispersion v =

4.3.1

(4.10)
p

T /m.

General scaling symmetry

Having reviewed the framework of [172], let us discuss the scaling properties of the above equations.
Setting Ė = 0 temporarily, notice that (4.8) and (4.9) are invariant under the anisotropic space-time
scaling transformation
t → λz t ,

~x → λ~x ;
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valid for arbitrary z, with the various quantities transforming as7
v

→ λ1−z v ;

~u → λ1−z ~u ;
~g

→ λ1−2z ~g ;

GN ρ → λ−2z GN ρ ;
GN ρb
P ij

(4.12)

→ λ−2z GN ρb ;
→ λ2−4z P ij ;

~q → λ3−5z ~q .
Notice that the transformation laws for P ij and ~q are compatible with their definition in terms
of ρ, ~v and ~u. The above is a symmetry of the collisionless equations. In order for it to survive as a
symmetry of the collisional equations (i.e., with non-zero Ė), the heating rate must transform as
Ė
Ė
→ λ2−3z .
m
m

(4.13)

The transformation rules (4.12) and (4.13) could at first glance be dismissed as a trivial consequence of dimensional analysis, with units of length and time kept separate due to the non-relativistic
nature of our system. This becomes more manifest by rescaling ρ, ρb , P , ~q and Ė in Eqs. (4.12)
and (4.13) by a factor of G—a procedure that does not affect Eqs. (4.8). Nevertheless, in what
follows we will demand that this scaling is actually an emergent symmetry of the DM sector and its
interactions with baryons, at least for a specific value of z. This requirement, together with some
physically-motivated assumptions, will place stringent constraints on the DM equation of state, the
heat flux, and the heating rate.

7 Note that this scaling symmetry is different than the one considered in [172] because ρ transforms differently.
b
They agree only for z = 1/2.
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4.3.2

DM equation of state

In order to solve Eqs. (4.8) one must specify, among other things, an equation of state for DM, which
for our purposes will be a relation of the form P = P (ρ, v). The explicit form of such a relation
depends on the microscopic details of the DM sector. The requirement that the equation of state be
scale invariant for some particular value of z places a nontrivial constraint on its functional form.
Remarkably, there is a very general assumption one can make to obtain an equation of state
that is scale invariant for any z. Namely, we assume that DM is sufficiently dilute, in the sense
that nλ3  1, where n =

ρ
m

is the number density of DM particles, and λ =

1
mv

their mean thermal

wavelength. In this regime one can perform a virial expansion of the DM equation of state, which
at lowest order generically reduces to that for an ideal gas:
P = ρv 2 .

(4.14)

It is easy to check that this relation is the only equation of state that is invariant under the symmetry
transformations (4.12) for arbitrary z.

4.3.3

Heat flux and relaxation time

In the limit where deviations from thermal equilibrium are small,8 Fourier’s law provides us with
an approximate yet explicit expression for the heat flux ~q:
~ 2,
~q ' −κm∇v

(4.15)

where κ is the thermal conductivity,
κ = O(1)

8 To

vided

ρ v 2 trelax
,
m

(4.16)

be more precise, in the spherically symmetric case we will consider later on, Fourier’s law is valid pro-

d log v 2
d log r

 1.
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and trelax denotes the relaxation time. This parameter can be thought of as the characteristic time
for DM to reach equilibrium due to interactions with other sectors, e.g. with baryons, and/or
self-interactions.
The scaling transformations (4.12) immediately imply that trelax must transform as a time scale:

trelax → λz trelax .

(4.17)

Once again one might be tempted to attribute this scaling to dimensional analysis and therefore
conclude that it is devoid of any physical significance. However, a generic relaxation mechanism will
emphatically not give rise to a trelax with this scaling property for arbitrary values of z. Imagine for
instance that DM reaches thermal equilibrium due to self-interactions. The cross section for such
processes will generically have a velocity dependence of the form σ = σ0 (c/v)α for a fixed α, and
with σ0 a constant built out of microscopic scales and couplings. The relaxation time is in turn
the inverse of the self-interaction rate σnv, i.e., trelax =

m(v/c)α
σ0 ρv .

We conclude therefore that in

this scenario trelax → λ(3−α)z−1+α trelax , which agrees with (4.17) only for one particular value of z,
namely z =

1−α
2−α .

More broadly, one should keep in mind that multiple relaxation mechanisms might be at play
over different characteristic time scales, in which case the relaxation time should be the shortest of
such scales. Given that there is currently no direct evidence for sizable DM self-interactions, it is
plausible that the associated time scale could be longer than the dynamical time in galaxies. It is
then important to consider the possibility of other relaxation mechanisms. This naturally suggests
another time scale, which interestingly scales like (4.17) for any z—the Jeans time

√1 .
GN ρ

A possible mechanism giving rise to such a relaxation time was discussed in [172], which relies on
DM relaxing primarily through interactions with baryons. In this case the relaxation time in disk
galaxies would be set by the characteristic time it takes for DM particles to find the baryonic disk.
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For DM particles orbiting at distances not much larger than the size of the disk, this time scale is
set by dynamical time or Jeans time. This mechanism is inspired by the Knudsen regime in kinetic
theory, where molecules in ultra-dilute gases reach local thermal equilibrium by colliding with the
walls of the container rather than among themselves. In our case, the disk effectively plays the role
of the wall while the inner DM halo around the disk can be thought of as the container.
Phenomenologically, we will see below that indeed, in order to reproduce the MDAR, the relaxation time must indeed be proportional to the Jeans time, i.e.,
O(1)
trelax = √
.
GN ρ
In the flat part of the rotation curve, where ρ(r) '

v2
2πGN r 2 ,

(4.18)
this reduces to trelax ∼ vr . Combining

this expression with the one for the thermal conductivity in Eq. (4.16), we obtain
r
κm = N

ρ 2
v ,
GN

(4.19)

where N is some O(1) constant.

4.3.4

Heating rate

By working in the dilute limit and assuming that trelax is determined by the Jeans time, we have
been able to “kick the can down the road” and preserve scale invariance without committing to any
particular value of z. In order to write down an explicit expression for the heating rate, we will now
have to fix z.
To this end we will use the BTFR as an observational guiding principle. The fact that the
4
ratio Vflat
/Mb appears to be a universal constant in rotationally-supported galaxies suggests that

this quantity should not transform under our scaling symmetry. This will be the case only if the
scaling exponent takes the value
z = 1/2 .
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We henceforth assume that our heating rate explicitly breaks scale invariance for any z down to
scale invariance for z = 1/2 only.
We will now show, based on plausible physical assumptions, that the z = 1/2 scaling symmetry
Ė
Ė
→ λ1/2 ,
m
m

(4.21)

fixes the parametric dependence of the heating rate Ė/m due to DM-baryon interactions. On physical
grounds, we expect Ė/m to depend on ρ, ρb , both of which transform as ρb , ρ → λ−1 ρb , ρ, as well
as the velocity of DM and baryon components. In rotationally-supported galaxies it is reasonable
to neglect the DM bulk velocity relative to its velocity dispersion, |~u|  v. Indeed, in most of our
analysis we will focus on equilibrium situations and ignore the spin of the halo. We will assume
~b |, which is also justified in disk galaxies. This leaves us with
the opposite for baryons, vb  |V
two velocity variables, v and Vb . These two are comparable in the flat part of rotation curves,
whereas Vb  v in the central region of galaxies. To simplify the discussion, we shall only keep
track of the dependence on v, keeping in mind that Ė/m more generally will depend on both v
and Vb .
Given the transformation law v → λ1/2 v, the most general form for the heating rate compatible
with (4.21) is


2
Ė
= v F ρρb , vρ .
m

(4.22)

In order to fix completely the form of Ė, we will make two additional assumptions. First, since in
our scenario DM heats up due to interactions with baryons, it is natural to assume that it is an
extensive quantity as a function of the number of baryons. In other words, the heating rate should
be linear in ρb :
Ė
ρb  2 
= v f vρ .
m
ρ

(4.23)

From a model-building perspective, this is certainly the simplest possibility. This is arguably also
the most reasonable behavior one can have in the DM dominate regime ρb /ρ  1. We will assume
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however that Eq. (4.23) holds more generally.
Notice that f has dimensions of acceleration. Therefore, the second assumption we will make is
that the f is approximately constant, and of order the characteristic acceleration scale a0 appearing
in the MDAR. Thus the heating rate is fixed to be
Ė
ρb
= Ca0 v ,
m
ρ

(4.24)

where C is another constant. For concreteness we will assume C ∼ O(10−1 ), which offered a good
fit to rotation curves in the cooling case [172]. The assumption that f is of order a0 is also quite
natural from a phenomenological viewpoint, given that we are trying to reproduce a result such
as the MDAR which features a characteristic acceleration scale. At the same time, the obvious
downside of treating a0 as a fundamental scale is that it is unclear why it should numerically
coincide with a cosmological acceleration scale. We will assume that this “coincidence” is resolved
by a different mechanism that operates over much longer, cosmological time scales, such that a0 can
be treated as a constant parameter for our purposes. This appears to be well supported by current
observations [263]. It is also worth noting that the inverse density dependence in (4.24) is helpful
for the phenomenological viability of the mechanism. As we will see in Sec. 4.5, it suppresses the
heating rate in high-density environments, such as the early universe.
Finally, a brief word about the sign of C, which determines whether DM is cooled (Ė < 0) or
heated (Ė > 0) by baryons. Whereas [172] primarily studied the cooling case for concreteness, here
we focus exclusively on the heating case. Concretely, a net transfer of heat from baryons to DM
can be achieved, for instance, if DM is light (m  mb ) and scatters elastically with baryons [172].
In this case, even though v  vb in disk galaxies, baryons can be much hotter than DM (mb vb2 
mv 2 ). This results in a heat transfer to DM, with a heating rate that depends both on v and the
baryon bulk velocity [172]. Alternatively, the bulk motion of baryons in the disk could result in the
(Cerenkov or bremsstrahlung) emission of light quanta, such as collective excitations (e.g., phonons)
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of the DM medium, which would effectively heat the DM. In either case, the challenge remains to
devise microscopic interactions that would yield a heating rate with the desired density and velocity
dependence.
Phenomenologically, DM heating is a priori more desirable, since it can transform the cusps into
cores in the central regions of galaxy halos. Moreover, the opposite case of DM cooling can lead to
flattened halos, or too prominent dark disks, once the halos have an initial spin. These unwanted
features are absent with DM heating. Finally, we will argue in Sec. 4.4.4 that with heating it is
possible to derive a combination of the BTFR and CSDR by studying the dynamical approach to
equilibrium.

4.3.5

Deep-MOND scaling as an approximate enhanced symmetry

To summarize, given our expressions for the equations of state, the heat flux and the heating rate,
Eqs. (4.8) reduce to:
∂ρ ~
+ ∇ · (ρ ~u) = 0 ;
∂t



∂
1~
~
+ ~u · ∇ ~u + ∇
ρv 2 = ~g ;
∂t
ρ

 r


3 ∂
ρ 2~ 2
1
ρb
2
2 ~
~
~
+ ~u · ∇ v + v ∇ · ~u − ∇ · N
;
v ∇v = Ca0 v
2 ∂t
ρ
GN
ρ

(4.25b)

~ · ~g = −4πGN (ρ + ρb ) .
∇

(4.25d)

(4.25a)

(4.25c)

As discussed previously, these equations are invariant under the scaling transformations (4.11)
and (4.12) with z = 1/2.
In fact, in the DM-dominated regime, where ρb can be neglected compared to ρ in the Poisson
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equation (4.25d),9 our equations enjoy a larger, approximate symmetry under the rescaling
~x

→ λ ~x ;

t

→ λy t ;

v

→ λ1−y v ;

~u → λ1−y ~u ;
~g
GN ρ
GN ρb

(4.26)

→ λ1−2y ~g ;
→ λ−2y GN ρ ;
→ λ1−4y GN ρb ,

for an arbitrary y [172]. These transformations reduce to our original z = 1/2 scale symmetry for y =
1/2, but for other values of y they represent a new type of symmetry that is only approximately
valid in DM-dominated regions.
Despite its approximate validity, this enhanced symmetry has interesting observational conse~1
quences. Imagine that a galaxy with scale length L1 , total baryonic mass Mb,1 and rotation curve V
is a solution to our equations. It immediately follows that our equations must also admit a solution
~2 given by
with L2 , Mb,2 and V
L2 = λL1 ;

~2 (λ~x) = λ1−y V
~1 (~x) .
V

Mb,2 = λ4−4y Mb,1 ;

(4.27)

This is equivalent to the statement that the rotation curves of two galaxies with different scale
lengths and different total baryonic masses must be related as follows:
~2 (~x) =
V



Mb,2
Mb,1

1/4

~1
V



L1
x
L2 ~



,

(4.28)

which precisely matches (4.7).
9 Notice that in this limit one cannot necessarily neglect the righthand side of Eq. (4.25c). For instance, for
equilibrium solutions the right-hand side is exactly equal to the last term on the left-hand side, and is therefore not
negligible.
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In the particular case of y = 1, the scaling transformations (4.26) reduce to the “relativistic”
deep-MOND scaling law [298], and the result (4.27) becomes particularly simple: two galaxies with
the same total baryonic mass but different scale lengths L1 and L2 have rotation curves related


~2 (~x) = V
~1 L1 ~x . This behavior appears to be supported by observations [407].
by V
L2

4.4

MDAR as Spontaneous Breaking of Scale Invariance

As shown above, the scaling of our equations implies that, in the DM-dominated regime, the bary4
onic mass-asymptotic velocity scaling should follow the BTFR scaling, Mb ∝ Vflat
. Regarding the

normalization of the BTFR, it is known that if one starts from abundance matching with NFW halos,
one typically reproduces the correct zero-point of the relation in the baryonic mass range ∼ 1010 M
to ∼ 1011 M , albeit with too large scatter [143]. The curvature of the predicted BTFR then implies
too large Vflat (or too large enclosed DM mass) at the low-mass end, still with too large scatter.
Given that we are starting from the right normalization in the intermediate-mass regime, one would
expect that our heating mechanism expels DM out of the baryonic disk region of low-mass disk
4
galaxies, thereby bringing Vflat down to follow the Mb ∝ Vflat
scaling with the zero-point set by

intermediate-mass galaxies.
In order to make more concrete analytic predictions hereafter, we will now assume that, through
their own self-interactions together with the baryon-DM energy exchange mechanism, DM halos
reach a cored pseudo-isothermal profile in the region where the baryonic disk is sitting. In this
Section we will demonstrate that the set of equations (4.25) is fully consistent with such a cored
pseudo-isothermal profile, with parameters that reproduce the MDAR.
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4.4.1

Cored pseudo-isothermal profile

Let us now first show how the cored pseudo-isothermal profile parameters should be arranged to
reproduce the MDAR. The profile has the following form:
ρ(r) =
1+

ρ0
 2 .

(4.29)

r
rc

Thus it is specified by two parameters: the central density, ρ0 , and the core radius, rc . Equivalently,
the core radius can be traded for the (asymptotic) velocity dispersion, denoted by v∞ , using
rc = √

v∞
.
2πGN ρ0

(4.30)

Note that v∞ is defined at infinity because the velocity dispersion profile we are considering is not
strictly isothermal.
The ability of such cored pseudo-isothermal profile to fit galactic rotation curves has been wellstudied, e.g., [233]. Consider first the large distance r  rc regime:
ρ(r  rc ) '
This implies a flat rotation curve with Vflat =

2
v∞
ρ0 rc2
=
.
r2
2πGN r2

√

(4.31)

2v∞ . Hence DM dominates in this regime, and the

assumption of spherical symmetry is justified. To match the BTFR (1.23), the velocity dispersion
must be related to the total baryonic mass via
4
v∞
=

1
a0 GN Mb .
4

(4.32)

This fixes one parameter of the cored pseudo-isothermal profile (4.29), which thus simplifies to
ρ(r) =

1
4πGN

√

a0 GN Mb
.
rc2 + r2

(4.33)

The second parameter can be fixed by the CSDR (1.24). For the cored pseudo-isothermal profile, (1.25) gives
ΣDM = πρ0 rc .
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To proceed, we must distinguish between LSB galaxies, which are DM-dominated everywhere, and
HSB galaxies, where baryons dominate in the central region. For LSB galaxies (Σb  a0 /G), (1.24)
implies
2
ρ0 rc =
π

r

a0
Σb (0) .
2πGN

(4.35)

Combined with (4.30) and the first constraint (4.32), we can solve for the core radius of LSB galaxies:

1
rc =
4

s

πMb
2Σb (0)

(LSB galaxies) .

(4.36)

For HSB galaxies (Σb  a0 /GN ), on the other hand, the CSDR (1.24) does not directly constrain ΣDM . The answer depends on the assumed functional form for the MDAR. (In the MOND
parlance, this reflects the freedom in choosing the interpolating function.)
From a symmetry perspective, the cored pseudo-isothermal profile spontaneously breaks the z =
1/2 scaling symmetry by introducing an explicit scale, rc (or equivalently, ρ0 ). Notice, however,
that the scaling symmetry is restored in the flat part of the rotation curve (i.e., r  rc ). Indeed, in
this region ρ(r) approximates a singular isothermal profile (4.31), which transforms covariantly for
any z:
GN ρ(r) '

2
v∞
→ λ−2z GN ρ(r) .
2πr2

(4.37)

The spontaneous symmetry breaking scale rc (as well as v∞ ) will be fixed through other sources of
spontaneous breaking, namely baryons.

4.4.2

Flat part of the rotation curve and the BTFR

We now show that a cored pseudo-isothermal profile, with suitable parameters to reproduce the
MDAR, is a solution to the set of equations (4.25). We will primarily be interested in equilibrium
solutions to these equations with negligible DM halo spin. In this case, the DM bulk velocity can be
set to zero, i.e., ~u = 0, and the continuity equation (4.25a) is trivially satisfied. Equations (4.25b)–
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(4.25d) then reduce to

~ ρv 2 = ρ~g ;
∇
r

ρ 2~ 2
C
~ ·
∇
v ∇v = − va0 ρb ;
GN
N

(4.38a)
(4.38b)

~ · ~g = −4πGN (ρ + ρb ) .
∇

(4.38c)

In the flat part of the rotation curve (r  rc ), the gravitational field is dominated by DM
(ρ  ρb ), and spherical symmetry is a good approximation. The Jeans equation (4.38a) and
Poisson equation (4.38c) are approximately solved by
ρ(r) '

v 2 (r)
,
2πGN r2

(4.39)

where, as we will verify a posteriori , v(r) is a slowly-varying function. Meanwhile, the velocity
profile v(r) is determined by the heat equation (4.38b), which, upon assuming spherical symmetry
and using (4.39), simplifies to
1 d
r2 dr

r


πC
4 dv
va0 GN ρb .
v r
=−
dr
2N

(4.40)

Approximating v as nearly constant on the right-hand side, this can be readily integrated once:
dv 4
1 C
= −√
a0 GN Mb .
dr
2π N

(4.41)

1 C
R0
v 4 (r) = √
a0 GN Mb log
,
r
2π N

(4.42)

r
In turn this implies

where R0 is an arbitrary scale. Thus v only varies logarithmically, which justifies our assumption.
Some remarks are in order. First, the logarithmic dependence of v(r) implies that scale invariance
is not quite restored for r  rc . Rather it is spontaneously broken, analogously to the breaking of
scale invariance by radiative corrections (as in Coleman-Weinberg [122]), with R0 playing the role of
a dimensional transmutation scale. Second, using the approximate relation V '
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curve is nearly flat with
4
Vflat
∼ a0 GN Mb log

R0
.
r

(4.43)

It is encouraging that the prefactor matches the parametric dependence of the BTFR (1.23). Unfortunately within our static equilibrium analysis we are not able to fix the scale R0 , nor determine its
scatter. To do so, we will need to go beyond the equilibrium treatment and analyze the dynamical
evolution towards equilibrium. This will be the focus of Sec. 4.4.4.

4.4.3

Cored region and the central density relation in HSB galaxies

Consider the central region of galaxies (r  rc ). In this region the DM density can be approximated
as nearly constant, ρ ' ρ0 , hence (4.38a) reduces to
~ 2 ' ~g .
∇v

(4.44)

2
, where α is an O(1) constant. The precise value of this constant is
The solution is v 2 = −Φ + αv∞
2
near the origin, while its gradient
irrelevant for us. The important point is that v 2 approaches ∼ v∞

is fixed by the gravitational field.
To make headway analytically, we imagine working sufficiently close to the center that the baryon
distribution looks like an infinite disk but sufficiently far that the disk appears infinitely thin. In
other words, we work in the regime Lz  r  L, where Lz is the scale height and L the disk
length of the baryon distribution. As a result, the baryon distribution is approximated by a surface
density Σb :
ρb ' Σb δ(z) .

(4.45)

For distances  L, the surface density is nearly homogeneous and given by the central value, Σb (0).
With this approximation, the heat equation (4.38b) implies a discontinuity in the normal com-
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ponent of the heat flux, which by symmetry fixes its magnitude:
r

ρ0
C
v∞ |∇⊥ v 2 | =
a0 Σb (0) .
GN
2N

(4.46)

Using (4.30), (4.34), and (4.44), this implies
r
ΣDM g⊥ =

π C
a0 Σb (0) .
2 2N

(4.47)

The transverse component of the gravitational field is solved similarly by integrating Poisson’s
equation (4.38c). For HSB galaxies, which are baryon-dominated near the center, this gives
HSB
g⊥
' 2πGN Σb (0) .

(4.48)

It then follows from (4.47) that
r
ΣDM =

π C a0
2 2N 2πGN

(HSB galaxies) .

(4.49)

Thus our heat equation implies ΣDM ∼ a0 /GN . This matches behavior of the ‘simple’ interpolating
function [171], and is consistent with observations [148].

4.4.4

Approach to equilibrium and central density relation in LSB galaxies

Up to now our analysis has focused on static, equilibrium configurations. Within this framework, we
were able to reproduce the parametric dependence of the BTFR, up to the logarithm of a scale R0
whose magnitude and scatter remain undetermined. We were also able to derive the CSDR for HSB
galaxies.
By going beyond the equilibrium treatment and considering the approach to equilibrium, we
will now show how the central density relation, which is at the root of the problem of diversity of
rotation curves, can be naturally reached by our DM-fluid interacting with baryons. Specifically,
we will derive a constraint on a particular combination of the DM temperature and surface density,
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which matches the combination of BTFR and CSDR. Therefore, if one takes the BTFR as a given
(per the equilibrium analysis), then this constraint yields the central density relation naturally.
We begin with a few general comments. In the standard ΛCDM model, halo virialization is
achieved through violent relaxation, a manifestly non-equilibrium process that drives the DM distribution towards the attractor NFW profile within a few dynamical times. Our proposed DM-baryon
interactions offer another relaxation channel. These interactions have a characteristic time on the
order of a dynamical time and thus “compete” with violent relaxation [172]. Therefore we do not
expect our halos to necessarily reach a NFW profile early on. Crucially, since the interactions considered here tend to heat up DM, they can plausibly prevent the formation of cold central cusps and
instead generate constant density cores, as needed in most LSB galaxy halos.
A rigorous dynamical analysis to back this intuition would require numerical simulations, which
is beyond the scope of this work. In what follows we offer a simple, back-of-the-envelope analysis
of the time-dependent problem. Because the derivation ignores density and velocity gradients, and
relies instead on average quantities, it can only reproduce the CSDR in the DM-dominated regime
(valid for LSB galaxies). This is sufficient for our purposes, since we have already established the
central density relation in HSB galaxies within the equilibrium treatment.
The starting point is our set of DM fluid equations (4.25). It is convenient to translate these
equations in terms of the entropy density per DM particle, given by the Sackur-Tetrode equation:


5
m4 v 3
+ .
s = ln (2π)3/2
ρ
2

(4.50)

This allows us to eliminate v and express our equations (4.25) in terms of ρ, ~u and s. In what follows
we will keep v around for simplicity, but it should be understood via (4.50) as an implicit function
of ρ and s. It is straightforward to combine the continuity (4.25a) and heat equation (4.25c) to
obtain an equation for the entropy density:



∂
~ s+ 1 ∇
~ · ~q = Ė ,
+ ~u · ∇
∂t
ρv 2
m
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with the heat flux expressed as
2
~q = − N
3

r

ρ 4~
v ∇ (s + ln ρ) .
GN

(4.52)

This equation is supplemented by the continuity (4.25a), momentum (4.25b) and Poisson (4.25d)
equations.
To simplify the analysis, at this point we approximate mass and entropy densities as nearly
~ ∇ρ
~ ' 0. In other words, we treat ρ and s as average
uniform, thereby neglecting their gradients: ∇s,
quantities. It follows from (4.52) that the heat flux can also be neglected, ~q ' 0. Hence (4.51)
simplifies to
Ė
∂s
=
.
∂t
mv 2

(4.53)

Not surprisingly, the entropy of DM particles increases as they are heated by baryons.
Assuming that the initial DM entropy (at virialization) is negligible compared to its final value
(at equilibrium), (4.53) can be schematically integrated over a relaxation time to give
Ė
trelax ∼ 1 .
mv 2

(4.54)

This expresses the condition for equilibrium. Substituting (4.24) and (4.18), we obtain
Σ3DM
a0 ρb
∼ 2 ,
v2
GN

(4.55)

where we have used (4.30) and (4.34) to estimate the DM surface density as ΣDM ∼

q

ρv 2
GN .

Meanwhile, we know that the central baryonic surface density of an exponential disk of scalelength L is Σb (0) =

Mb
2πL2 .

Assuming an approximate linear relation Lz ≈ L/8 between disk

scale-length and scale-height, we can approximate the mean baryon density by ρb ∼

Mb
L3

3/2

∼

Σb (0)
√
.
Mb

Substituting into (4.55), we obtain
Σ3DM
v2



a0 Σb (0)
GN

∼ √

3/2

a0 GN Mb
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Hence, taking the BTFR v 2 ∼

√

a0 GN Mb as a given, we get
s
ΣDM ∝

a0 Σb (0)
.
GN

(4.57)

This is the desired CSDR, valid for DM-dominated (LSB) galaxies. Because the analysis relied on
the average density, it is not surprising that the result matches the DM-dominated CSDR. On the
other hand, we have already seen within the equilibrium treatment that such a relation holds for
HSB galaxies.
It will be important to quantify the numerical coefficient in (4.56), as well as its scatter. This will
require numerical simulations of galaxy formation within our scenario, which is beyond the scope of
the present analysis. It is nevertheless encouraging that the correct parametric dependence of the
scaling relations derives from a back-of-the-envelope analysis.

4.5

Cosmological Implications and Constraints

In this Section we consider a few astrophysical and cosmological implications of our model. We
will be able to derive very general results, using only the form of the heating rate (4.24), without
specifying an explicit microphysical model. The analysis does rely, however, on the assumption
that the physics underlying our DM-baryon interactions still apply in the various environments
studied below, such as in the early universe. Whether this is justified will depend on the detailed
microscopic interactions (e.g., elastic scattering or radiative transfer) giving rise to our heating rate.
For instance, if heat transport is due to collective excitations of a DM medium (e.g., fluid or solid),
our working assumption is that this DM condensed state is a valid description in these environments.
For comparison with the constraints below, we will set C =

1
10

for concreteness and assume a0 =

10−8 cm/s2 . Our heating rate (4.24) then becomes
Ė
ρb cm
= 10−9 v 2 .
m
ρ
s
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Thus the predicted heating rate is determined simply by the DM-to-baryon fraction and velocity
dispersion in the relevant environments.

4.5.1

Early universe

DM-baryon interactions can affect the evolution in the early universe. In the case of interest where
baryons heat up DM, the dominant constraint comes spectral distortions of the CMB taking place
6
in the redshift range 104 <
∼z<
∼ 10 [28]. In the standard cosmological model, baryons are kept in

thermal equilibrium with photons by Compton scattering until z ' 200. This process effectively
cools photons, causing small spectral distortions. This cooling will be enhanced if baryons shed part
of their thermal energy to DM, resulting in larger and potentially observable spectral distortions.
This effect was studied in detail in the case of light DM (m  mb ) scattering elastically with
baryons and/or photons [28]. It is straightforward to translate their result to a constraint on the
energy exchange rate Ė. Consider the energy exchange rate per baryon,

Ėn
nb ,

relative to the thermal

energy ∼ mb vb2 per baryon, where nb and vb are respectively the baryon number density10 and
velocity dispersion. Let us compare this to the Hubble rate by defining
≡

C a0 v
Ėn/nb
=
,
Hmb vb2
6 Hvb2

(4.59)

where the last step follows from (4.24).
6
The effect on spectral distortions will be negligible if   1 in the redshift range 104 <
∼z<
∼ 10 .

It is easy to check that  increases in time in this range, hence the constraint is most stringent
at z ' 104 . Since baryons are in thermal equilibrium with radiation, we have vb2 = Tγ /mb , with Tγ
denoting the CMB temperature. Substituting Tγ ' 2eV and H ' 10−27 eV at z ' 104 , together
with our fiducial values C =

1
10

and a0 = 10−8 cm/s2 , we obtain
|z=104 ' 10

10 For

v
.
c

the purpose of this simple estimate, we ignore the distinction between nuclei and free electrons.
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Since our DM particles are assumed non-relativistic at that time, v  c, the resulting spectral
distortions are indeed negligible.

4.5.2

Merging clusters

Merging galaxy clusters constrain the DM self-interaction cross section per unit mass [213, 279, 355,
435],
σ
cm2
<
.
∼
m
g

(4.61)

The precise numerical value of the coefficient depends on the assumptions, but is O(1) or less [213,
435]. This can be translated to a constraint on the heating rate of DM per unit mass,

Ė
m

σ 3
' ρm
v ,

where we have used a characteristic energy exchanged per collision of mv 2 for DM-DM scattering.
Substituting the characteristic density ρ ' 10−24 g/cm3 and velocity v ' 103 km/s for merging
clusters, the bound (4.61) translates to
Ė
cm2
<
.
m ∼ s3

(4.62)

Although (4.61) was derived assuming DM self-interactions, the end result applies equally well
to our heating rate obtained from DM-baryon scattering. Substituting into (4.58) the DM-baryon
ratio ρ ∼ 10 ρb in clusters and relative velocity v ' 103 km/s, we obtain
Ė
m

clusters

' 10−2

cm2
.
s3

(4.63)

This comfortably satisfies (4.62). On the flip side, a couple order of magnitude improvement in the
observational bound (4.61) would probe our predicted heating rate, thereby highlighting the power
of merging clusters for detecting DM-baryon interactions.

4.5.3

Cosmic Dawn and the EDGES anomaly

The recent measurement of the 21-cm absorption spectrum from the Cosmic Dawn epoch by the
EDGES collaboration revealed an excess signal [90]. If real, the excess could indicate that the
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hydrogen gas at z ' 17 was cooler than predicted by the standard ΛCDM model. A possible
explanation is that interactions between DM and baryons acted to cool the neutral gas prior to the
Cosmic Dawn [58].
For instance, sub-GeV DM particles scattering elastically with baryons with velocity-dependent
cross section,

σint (v) = σ1

v
1 km/s

−4
,

(4.64)

would explain the signal if
−20
σ1 >
cm2 .
∼ 10

(4.65)

The strong velocity dependence of (4.64) is necessary to evade cosmological and astrophysical
bounds [58, 308, 409]. Detailed model-building analyses, however, show that it is difficult to construct explicit particle physics models that are compatible with other constraints [59, 74, 252, 309],
though see [271] for recent progress in this direction.
Equations (4.64) and (4.65) can be translated to a heating rate per unit mass using

Ė
m

'

nb σint (v)v 3 . Substituting the cosmological baryon number density nb = 2 × 10−7 (1 + z)3 cm−3
evaluated at z ' 17, together with the characteristic velocity v = 1 km/s, the bound (4.65) translates to
cm2
Ė
>
10−8 3 .
∼
m
s

(4.66)

This is how large the heating rate ought to be to explain the EDGES excess. In our case, substituting
into (4.58) the cosmological ratio ρ ' 6 ρb , together with v = 1 km/s, our predicted heating rate is
Ė
m

z=17

' 2 × 10−5

cm2
.
s3

Thus our heating mechanism can explain the EDGES excess.
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4.6

Outlook

Among the small-scale challenges of ΛCDM [104], the conspiracy between DM and baryon distributions in disk galaxies, embodied in the MDAR, is arguably one of the most tantalizing. The MDAR is
a unique relation between the total gravitational field and the Newtonian acceleration generated by
baryons alone at every radius in disk galaxies. In particular, both the tightness of the BTFR and the
diversity of galaxy rotation curves that it implies [191] remain challenging within the ΛCDM framework, where this conspiracy must arise through feedback processes. While semi-empirical arguments
based on abundance matching can reproduce the general shape of the MDAR, its normalization, and
especially its very small scatter, remain challenging [270]. Relatedly, it has recently been pointed
out that stellar feedback is related to a characteristic acceleration of order a0 . While promising, this
is not sufficient yet to explain the details of the diversity of rotation curves encoded in the tightness
of the MDAR, which should be related to the subtleties of the core-cusp transformation process. On
the numerical front, much progress has been made in obtaining the MDAR from hydrodynamical
simulations of galaxy formation, as reviewed in the Introduction, though challenges – related to the
extreme tightness of the BTFR and diversity of rotation curves – still remain.
Given these challenges, it is worthwhile to entertain the alternative possibility that the baryonDM conspiracy embodied by the MDAR is due to new, non-gravitational interactions between the
two sectors. Traditionally, work in this direction has focused on postulating a new long-range force
acting on baryons, thereby effectively modifying gravity. This force could be either fundamental or,
as in superfluid DM, emergent from the DM medium.
The idea pursued in this chapter, building on an earlier work [172], is that the MDAR is the
result of direct (non-gravitational) interactions between DM and baryons, instead of an effective
modification of gravity or feedback processes. The main difference with [172] is to consider that this
interaction heats the DM-fluid. The approach followed has been completely “bottom-up”. Using a
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hydrodynamical description of DM, our goal has been to identify which such DM-baryon interactions
are necessary to reproduce the MDAR.
In this framework, the microphysics of DM is encoded in three physical quantities: the DM
equation of state, P = P (ρ, v); the relaxation time, trelax , which enters in the heat conductivity; and
the energy exchange rate Ė, which is determined by DM-baryon interactions. A key result of this
work is that the MDAR is obtained if the following conditions are satisfied:
1. The equation of state is approximately that of an ideal gas, P = ρv 2 . This will generically be
realized in the dilute limit, where the average inter-particle separation is large compared to
the mean free path.
2. The relaxation time is set by the Jeans time, trelax ∼

√1 .
GN ρ

This can be achieved naturally,

for instance, if DM is in a Knudsen regime [172].
3. The heating rate satisfies the master relation

Ė
m

∼ Ca0 v ρρb . This is the most important relation

as it informs us about the necessary DM-baryon particle interactions.
To be clear, we do not claim that these are unique nor necessary, but they are sufficient to obtain
the MDAR. Remarkably, with these assumptions the set of hydrodynamical equations, together with
Poisson’s equation, enjoy an anisotropic scaling symmetry, which offers yet another guide for model
building. Moreover, in DM-dominated regions this scaling symmetry is enhanced to a one-parameter
family of scalings, implying the scaling relation (4.7), which fully captures the low-acceleration limit
of the MDAR.
In this Chapter, we built on and further developed the original scenario of [172] in several
crucial ways. Most importantly, as stated above, instead of baryon-DM interactions cooling the
DM medium, we focused exclusively on the case where the DM fluid is heated by baryons. This
is indeed a priori more desirable from the point of view of galaxy formation, since DM heating
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can transform cusps into cores in the central regions of galaxy halos. It also avoids the concern of
forming flattened halos or dark disks. A second key difference pertains to the form of DM-baryon
interactions. Whereas our original analysis [172] focused exclusively on short-range particle-particle
collisions between DM and baryons, in the present analysis we remained general about the form of
such interactions. This opens up a wider range of possibilities for particle physics model-building.
We then showed how, assuming a cored pseudo-isothermal profile, the above hydrodynamical
ingredients give rise at equilibrium to suitable parameters reproducing the MDAR. Specifically,
in the flat part of the rotation curve the asymptotic rotational velocity matches the parametric
dependence of the BTFR, up to a logarithm in r. Meanwhile, in the central region of HSB galaxies,
where baryons dominate, the DM profile reproduces the CSDR with the behaviour of the ’simple’
interpolating function of MOND. Finally, by studying the time-dependent approach to equilibrium,
we derived a constraint on a combination of the DM velocity dispersion and surface density, which
matches the combination of BTFR and CSDR. Therefore, if one takes the BTFR as a given (per
the equilibrium analysis), this constraint yields the CSDR naturally.
Remarkably, the form of the heating rate makes definite, model-independent predictions for
various cosmological and astrophysical observables. The only assumption of course is that the
underlying DM-baryon effective theory responsible for the heating rate is still valid in these different
environments. Assuming this is the case, we argued that our model satisfies various observational
constraints, and, intriguingly, offers a possible explanation to the EDGES excess. Of course, there
will be many more phenomenological loops to go through once we have an explicit particle physics
realization, but it is reassuring that our heating rate so far appears to be observationally viable.

134

Chapter 5

Finite Temperature Description of a
relativistic Bose Gas
In Chapter 3, we worked out the equation of state of an interacting Bose gas at a finite temperature in the two chemical potential paradigm. That calculation was performed in a non-relativistic
framework, since that is appropriate and sufficient to describe a DM halo. In this Chapter we will
work out a fully relativistic, quantum field theory description of that problem.

5.1

Motivation

In order to properly account for the depletion of the condensate as the temperature increases, one
must perform a self-consistent calculation. In QFT, a self-consistent calculation is performed in
the Cornwall-Tomboulis-Jackiw (CJT) or the two particle-irreducible (2PI) framework [126]. Here,
the effective action is computed in terms of the background field as well as the dressed propagator.
The CJT formalism has also been extensively applied to thermal field theory [32, 300, 319]. The
2PI effective action is expressed in terms of an infinite set of diagrams having partially resummed
propagators. Thus, for practical purposes one must truncate the 2PI effective action in terms of
loop diagram expansions. This gives rise to a major problem because the global symmetries are not
respected by the loop expansions and get warped with the higher order terms. The Euler Lagrange
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equations of motion are then not consistent with the Ward identities. On the other hand, the complex
scalar field respects the global U (1) symmetry and must give rise to a massless mode by Goldstone’s
theorem [196]. Similar to the Hohenberg-Martin dilemma discussed in Chapter 3, the inability of
the CJT effective action to satisfy these two constraints has been noted in literature [31, 269, 344].
Various working solutions have been proposed to this problem depending on the particular application. It has been found that in O(2N ) theories, a Goldstone mode can be recovered in the
large-N limit [35, 269, 344]. Other solutions add a phenomenological or ad hoc term to satisfy both
constraints [27, 50, 229, 230]. Another way to obtain a massless Goldstone boson is to define a constrained version of the CJT formalism with the so-called external propagators [316, 422] by giving
up on a second order phase transition [280]. Finally, another approach is to change the equations
of motion that satisfy the CJT formalism, thus defining a new effective action that satisfies all the
constraints.
While these approaches give us an insight into the nature of the problem, each of them either
carries a pathology, or introduces an ad hoc term, or a constraint. In this Chapter we shall use
the two chemical potential picture used earlier in Chapter 3 to provide a solution to this problem.
Unlike the other approaches, a physical explanation for the usage of two chemical potentials can
be provided for a BEC and can be extended to a QFT exhibiting spontaneous symmetry breaking.
Thus, while our approach also introduces a new variable to account for the different constraints, it
is physically well motivated.
We will start by setting the stage for the calculation using an imaginary time formalism in
Sec. 5.2. We will then spend some time justifying the two chemical potential formalism in Sec. 5.3.
We will then work out the Matsubara summation in Sec. 5.4 to compute the equation of state
in Sec. 5.5, before renormalizing our theory in Sec. 5.6. Subsequently, we will work out the nonrelativistic limit of our theory in Sec. 5.7 and perform a consistency check by comparing it to the
results in Chapter 3. Finally, we will apply some of the results to better understand the relationship
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between a BEC and a superfluid in Sec. 5.8.

5.2

One Loop Effective Action

Similar to the grand partition function, the functional integral for a field theory, in the imaginary
time formalism, is written as [239]
Z
Z=

DφDπ exp

"Z

β

Z
dτ

0

3



d x iπ∂τ φ − H + µN



#
,

(5.1)

where the field φ is periodic in imaginary time, φ(~x, 0) = φ(~x, β) and β = 1/T as we set kB = 1 in
this Chapter. The effective action is subsequently given by
Γ=

1
ln Z .
β

(5.2)

For a complex scalar field, the Hamiltonian density due to some potential V has the form
~ † · ∇Φ
~ + U (Φ† , Φ) ,
H = π † π + ∇Φ

(5.3)

where we take U (Φ† , Φ) to be the potential arising from the interactions of the particles with each
other rather than due to some external field. Further, we once again make the assumption that
the predominant interactions are contact interactions in which case U (Φ† , Φ) = U (|Φ|2 ). Thus, the
potential U (Φ† , Φ) has a U (1) symmetry and the outline of the subsequent calculation will be valid
for any such U (|Φ|2 ) [67]. For concreteness, we consider the potential
U = m2 Φ† Φ + λ Φ†

2

Φ2 .

(5.4)

We use the following decomposition to split the field into the condensate and the excitations:

1 
Φ = √ (ρ1 + φ1 ) + i(ρ2 + φ2 ) ,
2

(5.5)

where ρ1 , ρ2 represent the condensate (zero-momentum modes), and φ1 , φ2 represent the excitations.
Owing to the U (1) symmetry, we have a freedom in choosing the condensate such that the sum ρ21 +ρ22
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is a constant. For simplicity, we choose ρ1 = ρ2 = ρ. Furthermore, we express the potential in the
order of excitations. The zeroth-order terms are
U (0) = m2 ρ2 + λρ4 .

(5.6)

Once again we ignore the first-order terms since they do not contribute to the effective action in the
one-loop approximation. The second and the fourth order terms are
m2 + 2λρ2 2
(φ1 + φ22 ) + λρ2 (φ1 + φ2 )2 ;
2
2
λ 2
φ1 + φ22 .
=
4

U (2) =

(5.7a)

U (4)

(5.7b)

Note that we have ignored the third-order terms because we will work in the HFB approximation.
There are three separate fourth-order terms, each of which will be approximated as
φ41 ' 6φ21 hφ21 i − 3 hφ21 i

2

;

(5.8a)

φ42 ' 6φ22 hφ22 i − 3 hφ22 i

2

;

(5.8b)
2

φ21 φ22 ' φ21 hφ22 i + φ22 hφ21 i + 4φ1 φ2 hφ1 φ2 i − hφ21 ihφ22 i − 2 (hφ1 φ2 i) .

(5.8c)

These HFB approximations of the fourth-order corrections can be added to the zeroth and secondorder terms, giving us
2
2
2 
λ 4
Ũ (0) = m2 ρ2 +
4ρ − 3 hφ21 i − 3 hφ22 i − 2hφ21 ihφ22 i − 4 hφ21 φ22 i
;
4
 2

 2

m
3λ 2
λ
m
λ
3λ 2
+ 2λρ2 +
hφ1 i + hφ22 i φ21 +
+ 2λρ2 + hφ21 i +
hφ2 i φ22
Ũ (2) =
2
2
2
2
2
2

+ λρ2 + hφ1 φ2 i 2φ1 φ2 .

5.3

(5.9a)

(5.9b)

Two Chemical Potentials

Since the above potential, Ũ , is not just a function of φ21 + φ22 , the U (1) symmetry of the original
field is not present in the excitations. Thus it appears that the Goldstone mode has become massive
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upon using a field decomposition together with the HFB approximation, as we did above. We resolve
this conundrum by introducing a second chemical potential, a prescription introduced by Yukalov
et al. in a non-relativistic setting [441], which we already used in Chapter 3.
This framework entails that we have one chemical potential for the condensate, and a separate
chemical potential for the excitations. This might seem problematic at first since in undergraduate
thermodynamics we learn that during a phase transition the chemical potential of the two phases
is the same. However, the phase transition in the case of a BEC is very different. Unlike the phase
transition of, say, ice to water, the fraction of particles in the condensate and in the excitations
remains conserved at a given temperature since there is no latent heat. To see what is going on
mathematically, we minimize the free energy F (N0 , N1 ) [442],
δF =

∂F
∂F
δN0 +
δN1 = 0 .
∂N0
∂N1

(5.10)

Now the derivative of the free energy with respect to the number of particles is the chemical potential.
Thus we set
µ0 =

∂F
;
∂N0

µ1 =

∂F
.
∂N1

(5.11)

Since the total number of particles is conserved, δN0 = −δN1 . Thus (5.10) becomes
(µ0 − µ1 )δN0 = 0 .

(5.12)

If in a phase transition, at a particular temperature, the fraction of particles in either of the phases
is not conserved, then δN0 6= 0. This is why µ0 = µ1 during the melting of ice. However, since at
a particular temperature, the fraction of particles in both the condensate and in the excited state
are individually conserved, δN0 = 0. This implies, that the two chemical potentials are no longer
required to be equal to one another. In fact, they will be different for T < Tc and become equal
at T = Tc , when the condensate vanishes.
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In order to incorporate this prescription of two chemical potentials, we change our generating
functional to the following
Z

Dφ1 Dφ2 Dπ1 Dπ2 Dρ1 Dρ2 Dχ1 Dχ2

Z=

Z
exp

β

Z
dτ

0

h
i
d3 x iπ1 φ̇1 + iπ2 φ̇2 − H + µ0 Q0 + µ1 Q1 ,

(5.13)

where π1 , π2 , χ1 and χ2 are the momenta conjugate to φ1 , φ2 , ρ1 and ρ2 , respectively. The conserved
charge densities corresponding to the two phases are
Q0 ≡ ρ1 χ2 − ρ2 χ1 ;

(5.14a)

Q1 ≡ φ1 π2 − φ2 π1 .

(5.14b)

Lastly, the Hamiltonian H is given by
H=


 

1 2
~ 1 2 + ∇φ
~ 2 2 + U |Φ|2 .
π1 + π22 + χ21 + χ22 + ∇φ
2

(5.15)

We have assumed in writing the above expression that ρ˙i = ∇ρi = 0, since ρ corresponds to the
zero momentum mode.
We now perform the functional integrals over the conjugate momenta. These can be done by
completing the square and then integrating out the resulting Gaussian integral. Clubbing the terms
with χ1 , for example, gives
1
1
1
2
−µ0 ρ2 χ1 − χ21 = − (χ1 + µ0 ρ2 ) + µ20 ρ22 .
2
2
2

(5.16)

Shifting the variable of integration from χ1 to χ1 + µ0 ρ2 , the first term integrates out to a multiplicative constant. Repeating the same procedure for the other conjugate momenta, we get
Z=N

Z

Dφ1 Dφ2 Dρ1 Dρ2 exp (−S[φi , ρi ]) ,
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where N is a multiplicative constant, which we henceforth ignore. The action S is given by
β

Z

Z
dτ

S[φi , ρi ] =

d3 x

0

 



 
1 2
~ 1 2 + ∇φ
~ 2 2 + iµ1 φ̇1 φ2 − φ1 φ̇2 − µ2 ρ2
φ̇1 + φ̇22 + ∇φ
0
2

2

e (0) + U
e (2) − µ1 φ21 + φ22 .
(5.18)
+U
2

The Euler Lagrange equation of motion for ρ is h δS
δρ i = 0, which fixes the condensate chemical
potential:
µ20 = m2 + 2λρ2 + 2λhφ21 + φ22 + φ1 φ2 i .

(5.19)

We need to compute the one loop corrections to the free energy to figure out the expectation values
in the above expression. To compute the one loop corrections we focus on the second-order terms
and write them in the form
S (2) =

1
2

where the matrix M is given by Mij =

Z

d4 xd4 y φi (x)Mij φj (y) ,

δ2 S
δφi (x)φj (y)

(5.20)

whose elements are given by


M11 = −∂ν ∂ν + m2 + 4λρ2 + 3λhφ21 i + λhφ22 i − µ21 δ 4 (x − y) ;


∂
2
M12 = 2iµ1
+ 2λρ + 2λhφ1 φ2 i δ 4 (x − y) ;
∂τ


∂
2
+ 2λρ + 2λhφ1 φ2 i δ 4 (x − y) ;
M21 = −2iµ1
∂τ

(5.21b)


M22 = − ∂ν ∂ν + m2 + 4λρ2 + λhφ21 i + 3λhφ22 i − µ21 δ 4 (x − y) .

(5.21d)

(5.21a)

(5.21c)

Our choice of setting ρ1 = ρ2 in the field decomposition also leads us to expect that hφ21 i = hφ22 i.
Moreover, the diagonal elements of M become equal when hφ21 i = hφ22 i. This is a consistency check
for taking hφ21 i = hφ22 i.
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5.4

Matsubara Summation

We express the fields in Fourier space using the form
φi (~x, τ ) =

p

β

∞ Z
X
n=−∞

d3 k
~
φ̃i,n (~k)ei(k·~x+ωn τ ) ,
3
(2π)

(5.22)

where ωn = 2πnT . Notice that we could have instead chosen to Fourier decompose the fields in
the form of the usual ladder operators as well. However, the usual decomposition of a field into
the creation and annihilation operators is valid only at T = 0. This becomes complicated at finite
temperature and is studied under thermofield dynamics [284], [260]. In thermofield dynamics, one
must introduce a dual field space, conjugate to the φ1 , φ2 space. One must also go beyond the
imaginary time formalism by charting a path in the complex plane of time so that the dynamic
effects can be captured as the evolution of t along the real time axis with the thermal effects being
evaluated with t evolution along the imaginary axis. Since we are not interested in the dynamic
nature of the relevant expectation values, we can avoid using thermofield dynamics altogether. This
is accomplished by the decomposition (5.22).
Substituting into (5.20), the second-order action then becomes
S

(2)

1
=
2T 2

Z

d3 k X
fi,j φ̃j,n (~k) ,
φ̃i,−n (−~k)M
(2π)3 n

f is the momentum-space representation of M:
where M


(5.23)



ω 2 + p(k) q + r(ωn ) 
f= n
,
M


q − r(ωn ) ωn2 + p(k)

(5.24)



with the notation, p(k) = k 2 + m2 + 4λ ρ2 + hφ21 i − µ21 , q = 2λ ρ2 + hφ1 φ2 i and r(ωn ) = 2µ1 ωn .
f be diagonal in the basis of the field ψ˜1 and ψ˜2 . Then we can write
Let M
S

(2)

1
=
2T 2

Z




i
p
p
d3 k X h 2
2
2 − r 2 ψ̃
2 − r 2 ψ̃
ω
+
p
+
q
ω
+
p
−
q
.
ψ̃
+
ψ̃
1,n
1−n
2,n
2,−n
n
n
(2π)3 n
(5.25)
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f
The coefficients of ψ̃1,n ψ̃1,−n and ψ̃2,n ψ̃2,−n correspond to the two eigenvalues of the matrix M.
If Z (1) is the contribution of the second order corrections to the generating functional, then
ln Z

(1)

"
Z
−V X
d3 k
=
ln
2 n
(2π)3

!
p
ωn2 + p + q 2 − r2
+ ln
T2

!#
p
ωn2 + p − q 2 − r2
.
T2

(5.26)

Now we perform the Matsubara summation for the first term on the right-hand side using
ln

ωn2 + p +

p

q 2 − 4µ21 ωn2

T2

!

Z
=
1

p

ωn2 + 1 +

T2
p
dx
− ln
ωn2 + x + q 2 − 4µ21 ωn2

p

q 2 − 4µ21 ωn2

T2

!
.

(5.27)

The second term is independent of k and, hence, only contributes a divergent constant after integrating over k, without any finite part. Thus we can subsequently ignore this term. This is a
common renormalization scheme used for Matsubara summations [375]. Then we use another standard trick involved in Matsubara summations, by writing the first term as a line integral over the
poles of Coth
X
n

ω
2T



:

T2
T
p
=
4πi
ωn2 + x + q 2 − 4µ21 ωn2

I
dω

 ω 
1
p
Coth
.
2T
−ω 2 + x + q 2 + 4µ21 ω 2

To see why this expression is correct, note that the poles of Coth
we perform the ω integral over the poles of −ω 2 + x +

p

ω
2T



(5.28)

are ω = 2πinT = iωn . Next,

q 2 + 4µ21 ω 2 . By squaring the expression,

we find the poles are
2
ω±
(x) = x + 2µ21 ±

q
4µ21 (x + µ21 ) + q 2 .

(5.29)

We get two extra solutions here because of squaring the expression, which technically correspond to
the poles of the second term in (5.26). If we perform the integral over ω using the first pole, we get
X
n


T2
T
p
=
1 + 2fB (ω+ (x)) ,
2
2ω+ (x)
ωn2 + x + q 2 − 4µ1 ωn

(5.30)

where fB (E) is the Bose Einstein distribution. We get a similar expression for the Matsubara
summation of the second term in (5.26), with E+ replaced by E− . However, now we find that the
integral over x is difficult to perform because x enters ω+ in a relatively complicated way through
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the square root in (5.29). To circumvent this problem, note that (5.28) tells us that only the poles
of ωn contribute to (5.26). Hence, using (5.29), we rewrite (5.26) as
ln Z

(1)

"
Z
−V X
d3 k
=
ln
2 n
(2π)3
+ ln

!
p
4µ21 (p + µ21 ) + q 2
T2
!#
p
ωn2 + p + 2µ21 − 4µ21 (p + µ21 ) + q 2
.
T2

ωn2 + p + 2µ21 +

(5.31)

Now the Matsubara summation is much easier to perform because ωn is absent from the square
roots. For the first term, we can set x = p + 2µ21 +

p

4µ21 (p + µ21 ) + q 2 . Thus, repeating the same

steps we can calculate the Matsubara sum which is given by the identity
X

ln

n

5.5


k
ωn2 + 2k
=
+ 2 ln 1 − e−βk + divergent constant .
2
T
T

(5.32)

Equation of State

Z
The free energy density, given by F = − T ln
V , becomes

F = Ũ

(0)

−

µ20 ρ2

Z
+T



d3 k
ln 1 − e−βE+ 1 − eβE− +
(2π)3

Z

d3 k E+ + E−
,
(2π)3
2

(5.33)

where the dispersion relations are
2
2
E±
(k) = ω±
(x = p) = p + 2µ21 ± A ,

with A =

p

(5.34)

4µ21 (p + µ21 ) + q 2 . Furthermore, we demand limk→0 E− (k) = 0, to ensure a gapless

mode. This fixes the excitation chemical potential:
µ21 = m2 + 2λρ2 + 2λhφ21 + φ22 − φ1 φ2 i .

(5.35)

Comparing (5.35) and (5.19), we see the difference between the two chemical potentials is due
to hφ1 φ2 i being non-zero. However, setting this term to zero in an ad hoc manner would sacrifice
self-consistency. This shows that the chemical potentials are in general different. Had we just
started out with one, the Euler-Lagrange equation for ρ would not be consistent with the existence
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of a gapless mode. The form of the free energy (5.33) is well known in prior literature, e.g., [75].
The difference in our result compared to the usual one is that the zeroth-order terms enter with a
chemical potential that is different from the chemical potential that enters for the part of free energy
coming from thermal excitations.
The pressure P is given by P = −F . Using the usual thermodynamic relation n = ∂P/∂µ, we
find the number density for the condensate and excitations:
n0 = −

∂F
n1 = −
=−
∂µ1

Z

∂F
= 2µ0 ρ2 ;
∂µ0

(5.36)




1
d3 k ∂Ee 1
+
,
(2π)3 ∂µ1 2 eβEe − 1

(5.37)

with
∂Ee
µ1
=
∂µ1
Ee



2eEe2
−1
A


,

(5.38)

where e = ±.
As a consistency check, consider the simplest example of an ideal Bose gas (λ = 0). In this case,
the dispersion relations reduce to
E± =

p

k 2 + m2 ± µ1 .

(5.39)

Using (5.37), this gives
Z
n1 =

d3 k
(2π)3



1
eβE+ − 1

−

1
eβE− − 1


.

(5.40)

This is the usual result for the net charge in a relativistic field theory, and is equal to the difference
in the number of particles and anti-particles. From this result we can also see that the non-thermal
part in (5.37) arises due to the contact interactions between the particles. Since the contact interactions represent the approximation of a potential depending inversely on distance, with Dirac
delta functions, we expect that some kind of divergence will arise in our expressions. These are the
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quantum corrections that are introduced at T = 0 due to contact interactions. As we will see later,
the non-thermal part indeed diverges and must be suitably regularized.
Particles which transition from the condensed phase to the excited phase will reduce n0 and
increase n1 while maintaining a constant sum of the two entities, i.e.,
n0 + n1 = n ,

(5.41)

where n is the total number density. From (5.18), we get
n1 = −

δS
= µ1 hφ21 + φ22 i − ihφ̇1 φ2 − φ1 φ˙2 i .
δµ1

(5.42)

In order to compute hφ21 i and hφ1 φ2 i, we consider the transformation from the original φ̃ basis to
the eigenstate ψ̃ basis:
r
φ̃1,n =


q+r 
α̃n ψ̃1,n − γ̃n ψ̃2,n ;
q−r

φ̃2,n =α̃n ψ̃1,n + γ̃n ψ̃2,n ,

(5.43a)
(5.43b)

where α̃n and γ̃n are real numbers. The Fourier transforms of these coefficients, which are obtained
2
2
for |α|2 and |γ|2 respectively, since these are the corresponding
and −E−
by replacing ωn2 with −E+

poles, satisfy the normalization condition |α|2 + |γ|2 = 1. These transformation equations imply
that
φ̃1,n φ̃1,−n = φ̃2,n φ̃2,−n = |α̃|2 ψ̃1,n ψ̃1,−n + |γ̃|2 ψ̃2,n ψ̃2,−n ;

(5.44a)



2r
φ̃1,n φ̃2,−n − φ̃1,−n φ̃2,n = p
|α̃|2 ψ̃1,n ψ̃1,−n − |γ̃|2 ψ̃2,n ψ̃2,−n ,
q2 − r2

(5.44b)

where we have ignored the cross terms ψ̃1,n ψ̃2,−n because hψ1 ψ2 i = 0 since this is the diagonal basis.
2
2
We now replace ωn2 with −E+
when it appears with hψ12 i, and with −E−
when it accompanies hψ22 i.

The excitation number density in (5.42) then becomes




2
2
2E+
2E−
 + 2µ1 |γ|2 hψ22 i 1 − q
.
n1 = 2µ1 |α|2 hψ12 i 1 + q
2
2
2
2
2
q + 4µ1 E+
q + 4µ21 E−
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Performing functional integrals using the generating functional, we find
V hψ̃12 i =
V hψ̃22 i =

T2
p
;
ωn2 + p + q 2 − 4µ21 ωn2
T2
p
.
ωn2 + p − q 2 − 4µ21 ωn2

(5.46a)
(5.46b)

where V is the volume. To recover (5.37) from (5.45) we substitute (5.46) and perform the Matsubara
summation once again. We note that the coefficients |α|2 and |γ|2 must be given by
q
2
q 2 + 4µ21 E+
2
|α| =
;
2A
q
2
q 2 + 4µ21 E−
.
|γ|2 =
2A

(5.47a)
(5.47b)

This satisfies the constraint that the sum of these coefficients should be equal to 1. We can now
compute the relevant expectation values implicitly:
d3 k λ
(2π)3 4Ee


 
2eµ21
Ee
Coth
;
A
2T
e=±
 
X Z d3 k eλ q
Ee
Coth
b ≡ λhφ1 φ2 i =
.
3 2E A
(2π)
2T
e
e=±
a ≡ λhφ21 i =

XZ



1+

(5.48a)
(5.48b)

Equations (5.48), along with (5.19) and (5.35), as well as the requirement of charge conservation (5.41), can now be solved for a given choice of m, λ, T and n. Substituting the solution to
these equations in (5.33) gives the equation of state.

5.6

Renormalization

As alluded to earlier, (5.48) and the zero point energy term in (5.33) are both UV-divergent. To
take care of these divergences, we use the renormalization scheme of [27]. The divergence in (5.48)
comes due to the fact that Coth(E/2T ) = 1 + 2fB (E). The Bose factor approaches zero exponentially as k → ∞, and therefore gives a finite contribution, but the constant term is problematic.
We introduce a momentum cut-off scale, Λ to cure this divergence. We first separate out the
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temperature-dependent term, and, from the remaining expression, we then separate out the term
with µ1 = 0. Thus, for the divergent part of the integrals for a and b, i.e., Ia,b (µ1 , Λ), we separate
out the Λ-dependent term as:
Ia,b (µ1 , Λ) = Ia,b (0, Λ) + Ia,b (µ1 ) .

(5.49)

The first part of these integrals is given by
Ia (0, Λ) =

XZ
e=±

Ib (0, Λ) =

XZ
e=±

d3 k λ
;
(2π)3 4νe

(5.50a)

d3 k eλ
,
(2π)3 2νe

(5.50b)

where
νe2 = k 2 + m2 + 4λρ2 + 4a + eq .

(5.51)

Thus, the renormalized form of (5.48) is



 

1
d3 k λ 1
2eµ21
Ee
−
1
+
Coth
;
(2π)3 4 Ee
A2
2T
νe
e=±
 

X Z d3 k eλ  1 q
Ee
1
Coth
b=
−
.
(2π)3 2 Ee A2
2T
νe
e=±

a=

XZ

(5.52a)
(5.52b)

We similarly take care of the divergences due to the zero point energy in (5.33) by subtracting from
the zero point energy the modified dispersion relation (νe ) obtained for µ1 = 0:
F = Ṽ

(0)

−

µ20 ρ2

Z
+T

Z

 X
d3 k Ee − νe
d3 k
−E+
−βE−
ln
1
−
e
1
−
e
+
.
(2π)3
(2π)3
2
e=±

(5.53)

This expression is the renormalized free energy, which is finite, as desired.

5.7

Non-Relativistic Limit

We will now work out the non-relativistic limit of this relativistic calculation to show the results are
consistent with those of Chapter 3. We start with the non-relativistic limit of (5.34). The relativistic
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chemical potentials, µ0,1 , are related to the respective non-relativistic chemical potentials by, µ̃0,1
by µ0,1 = µ̃0,1 + m. Since m  µ̃0,1 , the relativistic chemical potentials, µ0 and µ1 , can simply be
approximated with the mass, m. Using (5.35), we see that m  a, b, q, where a and b were defined
in (5.48). Taylor-expanding the dispersion relations (5.34) for small k, we obtain
E+ ' 2m ;
s
 2

k2
k
q
+
.
E− '
2m 2m m

(5.54a)
(5.54b)

In the non-relativistic limit, the massless mode dominates the contribution to the excitations, so we
ignore the contribution of the massive mode, i.e., hψ12 i ' 0. Thus, (5.45) can be approximated as


2
2E−
2
2 
.
(5.55)
n1 ' 2µ1 |γ| hψ2 i 1 − q
2
q 2 + 4µ21 E−
Since µ1 ' m  E− , the second term will be much smaller than 1. This modifies the relativistic
expression (5.40) as
n1 ' µ1 hφ21 + φ22 i ' mhφ21 + φ22 i ,

(5.56)

since the second term in (5.55) represents the contribution of the term with time derivatives in (5.40).
Similarly, the condensate number density of (5.36) becomes
n0 ' 2mρ2 .

(5.57)

Thus, (5.19) and (5.35) reduce to

With the identification g =

λ
2m2 ,

µ̃0 '

λ
(2n − n0 + σ) ;
2m2

(5.58)

µ̃1 '

λ
(2n − n0 − σ) .
2m2

(5.59)

we see that this is the same as the non-relativistic results of (3.36)

and (3.38). Furthermore, the expressions in (5.52) now become
" 2
#


Z
k
+
g(n
+
σ)
d3 k
E
1
0
−
2m
n1 =
Coth
−
;
(2π)3
2E−
2T
2
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σ=−

Z

d3 k g(n0 + σ)
Coth
(2π)3 2E−



E−
2T


,

(5.61)

which is consistent with (3.39).
Using (5.56) and (5.57), we can also simplify the free energy (5.33). The zeroth-order terms
become
E0 ≡ Ve (0) − µ20 ρ2 = −

λ
2m2



n20
σ2
+ n21 + 2n0 n1 +
+ n0 σ
2
2


.

(5.62)

It is convenient to use dimensionless variables to express the normal and the anomalous fractions
respectively:
η1 =

n1
;
N

ξ=

σ
.
n

(5.63)

Using these variables, E0 can be written as


λ 2
1
2
2
E0 = − 2 n 1 + ξ − (1 − η − ξ)
.
2m
2

(5.64)

The zero point energy is
d3 k E− − ν−
,
(2π)3
2

Z
Vzero-point =

(5.65)

which can be evaluated using dimensional regularization [34]
Vzero point =

8m3/2
15π 2



λn
2m2

5/2

5/2

(1 − η + ξ)

.

(5.66)

We can combine these two results, namely (5.64) and (5.66), to find the free energy at T = 0. With
the identification
a=

λ
,
8πm

(5.67)

where a is the s-wave scattering length, we can express the free energy in powers of a3 n. Following
the argument in Chapter 3 leading to (3.52), we obtain the result of (3.53),
F (T = 0) = −

2πan2
m


1+
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√
a n + ...
15 π


.

(5.68)

Chapter 5. Finite Temperature Description of a relativistic Bose Gas
This is a departure from the result of Lee and Yang [262], which is what would be obtained by
ignoring the fourth-order terms:
2πan2
F (T = 0) = −
m



128 √ 3
1− √
a n + ...
15 π


.

(5.69)

In our case, we have a non-zero density for the excitations as well as the anomalous average due to
the quantum corrections, which result from the fourth-order terms.

5.8

Hydrodynamics of a Superfluid

As we saw in Chapters 2 and 3, and specifically in Sec. 3.2.2, the existence of a BEC is related to the
phenomenon of superfluidity, though there are some technical differences between the two [241]. In
this Section, we will use the results of the previous sections to split the the field into the superfluid
and the normal fluid components. In order to do that, we decompose the field in the following way

1 
Φ = √ ζeiψ0 (x) + φeiψ1 (x) ,
2

(5.70)

where ζ and φ are complex fields representing the condensate and the excitations, respectively. Once
again we have a choice in fixing the phase of the condensate and we use the form
ζ = ρ1 + iρ2 = ρ + iρ .

(5.71)

The Lagrangian can once again be evaluated order by order in powers of the excitations. We ignore
odd-order terms, since they do not contribute in the HFB approximation, and only concern ourselves
with even-order terms:
L(0) =ρ2 (∂µ ψ0 ∂ µ ψ0 − m2 ) − λρ4 ;

(5.72a)


φ2 + φ22
1
∂µ ψ1 ∂ µ ψ1 − m2 − 4λρ2
L(2) = (∂µ φ1 ∂ µ φ1 + ∂µ φ2 ∂ µ φ2 ) + 1
2
2
1
+ ∂µ ψ1 (φ1 ∂ µ φ2 − ∂ µ φ1 φ2 ) + 2λρ2 φ1 φ2 ;
2
2
L(4) = − λ φ21 + φ22 .

(5.72b)
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This reduces to the action of the previous section if we ignore the spatial derivatives of the phases, ψ0
and ψ1 , and set ∂t ψ0 = µ0 and ∂t ψ1 = µ1 . The gradient of the phases is proportional to the velocity
of the superfluid in a particular frame and these gradients vanish in the rest frame of the superfluid.
In the case of a single chemical potential, we have a single conserved current [26]
j µ = ns
with σ =

∂µψ
+ nn uµ ,
σ

(5.73)

p
∂µ ψ∂ µ ψ, that satisfies the usual continuity equation ∂µ j µ = 0. In the case with two

chemical potentials, the conserved current will be of the form [392]
j0µ = ns0

∂ µ ψ0
+ nn0 uµ ;
σ0

(5.74a)

j1µ = ns1

∂ µ ψ1
+ nn1 uµ .
σ1

(5.74b)

This is because we demand that the charge in the condensate and the excited states be individually
conserved at a fixed temperature. In the normal fluid rest frame, where uµ = (1, 0, 0, 0), the currents
become
~
~j0 = − ns0 ∇ψ0 ;
σ0
~
~j1 = − ns1 ∇ψ1 .
σ1

(5.75a)
(5.75b)

These imply
~ 0 · ~j0
∇ψ
ns0 = − σ0 
2 ;
~ 0
∇ψ
~ 1 · ~j1
∇ψ
ns 1 = − σ1 
2 .
~ 1
∇ψ

(5.76a)

(5.76b)

Since we are interested in the limit where the superflow vanishes, we can evaluate the above expres~ and subsequently set it to zero. This gives us:
sions in the limit of small ∇ψ
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ns0
ns1

~ 0 =0
∇ψ

~ 1 =0
∇ψ

!

= − µ0

∂2F
~ 0 |2
∂|∇ψ

!

= − µ1

∂2F
~ 1 |2
∂|∇ψ

;

(5.77a)

.

(5.77b)

~ 0 =0
∇ψ

~ 1 =0
∇ψ

Note that this is different from the result obtained with one chemical potential [26], but agrees with
it once we set µ0 = µ1 and ψ0 = ψ1 .
In order to compute the superfluid density, we cannot use the free energy of the previous Section,
since that calculation ignored the spatial gradients of ψ. To remedy the situation and determine the
necessary changes in the dispersion relations, we once again look at the mass matrix,


2
2
2
2
2
−2ik · ∂ψ1 + q

ω + ~k + m + 4λρ + 4a − σ1
f= n
.
M


2
2
2
2
2
~
2ik · ∂ψ1 + q
ωn + k + m + 4λρ + 4a − σ1

(5.78)

Similar to the calculation of the previous section, the zeroes of this matrix give the dispersion
relations:
k 2 + m2 + 4λρ2 + 4a − σ12

2

− q 2 − 4(k · ∂ψ1 )2 = 0 .

(5.79)

The solutions to this equation are difficult to obtain, but the relevant quantities, i.e, the derivatives
of the dispersion relations with respect to the gradient of the phase, are easy to extract:
∂Ee
~
∂|∇ψ|

∂ 2 Ee
~ 2
∂|∇ψ|

=
~ 1 =0
∇ψ

e(Ee2 −

=

~ 1 =0
∇ψ
2
2kk − k 2 )

Ee A

2eµ1 kk
;
A


4eµ21 k 2 2Ee2 + eA
8µ21 k 2
+
−
.
Ee A2
Ee A3

(5.80a)

(5.80b)

Using (5.77) with the free energy (5.33) and the dispersion relations given by (5.79) and (5.80), we
get the number density for the superfluid phase


!2


2
X Z d3 k
∂E
∂
E
1
e
e
.

ns = 2µ0 ρ2 − µ1
βfB (Ee )(1 + fB (Ee )) −
fB (Ee ) +
3
~ 1|
~ 1 |2
(2π)
2
∂|
∇ψ
∂|
∇ψ
e=±

(5.81)
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In the non-relativistic limit, the massive excitations are negligible, which implies f+ ' 0. Thus we
obtain
µ1
ns ' 2µ0 ρ −
2
2

Z

d3 k ∂ 2 E−
− µ1 β
~ 1 |2
(2π)3 ∂|∇ψ

Z

d3 k
(2π)3



∂E−
~ 1
∂ ∇ψ

2
f− (1 + f− ) .

(5.82)

The first term in (5.82) is recognized as the condensate density obtained in (5.36). The second term
is the contribution due to quantum corrections in the form of contact interactions at T = 0. This
term reduces to the T = 0 part of (5.60). This can also be seen by substituting (5.77) directly
in (5.72) instead of first computing the effective action. This tells us that
!
∂2L
−µ1
= 2µ0 ρ2 + µ1 hφ21 + φ22 i + temperature-dependent terms .
~ 1 |2
∂|∇ψ

(5.83)

~ 1 =0
∇ψ

Matching this with the results of the previous section tells us that at T = 0, the superfluid density
is equal to the sum of the condensate density plus the excitation density:
ns = n0 + n1 ,

at T = 0 for a non-relativistic Bose gas .

(5.84)

Thus, the superfluid fraction will be equal to unity and there will be no particles in the normal
phase. This also agrees with the experimental observation that liquid helium, which can be modeled
as having strong interactions, has a superfluid fraction close to 1, while the condensate fraction can
be close to 0 [127] since the excitation density increases with the interaction strength λ. Thus, while
the condensate starts depleting as the interaction strength between particles increases, there is no
corresponding depletion of the superfluid. As we see from (5.82), the only way for the superfluid to
deplete is through the temperature-dependent term. While that term has a factor of β multiplying
the whole expression, the Bose factors approach zero exponentially as β increases. Thus, that term
increases as temperature increases leading to a depletion in the superfluid. In the limit where
the second term can be ignored, i.e., the quantum corrections are much weaker than the thermal
corrections, we obtain
ns = 2µ0 ρ2 −

β
12m

Z

d3 k
k2
 .
3
(2π) sinh2 E−
2T
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This matches the known result in the non-relativistic limit as shown in Chapter 3.

5.9

Outlook

The problem of trying to describe a BEC through a scalar field exhibiting spontaneous symmetry
breaking has been well-known for over five decades in the condensed matter community. After
the development of the CJT formalism for studying self-consistent QFTs, this problem was again
noted in terms of the inability to simultaneously satisfy the Euler-Lagrange equation of motion and
Goldstone’s theorem. While many approaches solve this problem in a variety of ways, each of them
either suffer from a pathology or carry some undesirable baggage in the form of additional ad hoc
terms or constraints.
In this Chapter, we presented a solution to this problem through the Yukalov proposal of using
two chemical potentials to describe a BEC. We used this proposal in the context of an imaginary
time formalism QFT to describe the thermal effects. Subsequently, we worked out the free energy of
the system by computing the various expressions. Since we performed a self-consistent calculation,
the expressions for the condensate (excitation) and anomalous densities were implicit which can be
computed numerically. Subsequently, we used the renormalization scheme of [27] in Sec. 5.6. We
then worked out the non-relativistic limit of this result and showed that it was consistent with the
results in Chapter 3. Finally, we used the results to better understand the relationship between a
superfluid and a BEC by working out the superfluid fraction.
Though we performed an explicit calculation for a |Φ|4 theory, our analysis can be easily generalized to any theory with a potential having |Φ|2n terms. Even though our solution is naturally
framed in a way which makes it easier to map it to the physics of a BEC, it can be easily compared
to other results in the literature. Comparing with the results of [27], for instance, we find that our
calculation yields the same results as the usual CJT calculation, with the only differences arising
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from our choice of the two chemical potentials. This choice allows us to avoid the ad hoc method
used in that particular calculation, as well as others, by introducing a physically well-motivated
scheme of two chemical potentials. A similar method is also used in [346], wherein a Lagrange
multiplier is introduced to define a new, truncated 2PI effective action, which essentially serves the
same purpose as our second chemical potential. Understanding the origin of the various approaches
to this problem, as well as their similarities/differences, can help us provide deeper insights into its
resolution.
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Chapter 6

EFT Description of an Interacting Bose
Gas
In Chapter 2 we briefly mentioned how different kinds of superfluids can be expressed in terms of their
EFT Lagrangians. Specifically, we saw how the equation of state corresponding to P (n) ∼ n2 , n3
leads to Lagrangians of the form P (X) ∼ X 2 , X 3/2 , respectively. In this Chapter we will work out
the EFT formalism for a Bose gas having contact interactions, for temperatures close to T = 0.

6.1

Motivation

Similar to the problem faced in Chapters 3 and 5, the one-loop calculation of a scalar field QFT
exhibiting spontaneous symmetry breaking suffers from the problem that the equation of motion
coming from the effective action is at odds with the existence of a massless mode, which is one of the
Ward identities [224]. Apart from the two chemical potential formalism used in Chapters 3 and 5,
other explanations have also been presented to solve this problem which are discussed in Sec. 5.1.
Depending on the particular work, authors usually do away with one of the above constraints or
satisfy them in an ad hoc manner by sacrificing self-consistency of the theory [346].
Since we are ultimately interested in a superfluid EFT description, we have to satisfy Goldstone’s
theorem, which will allow us to describe phonons. Furthermore, any additional term introduced in
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the effective action must have a corresponding additional term in the EFT formalism. This would
prevent us from expressing the superfluid EFT in terms of the known F (X, b, y) form [153, 317].
Thus, we will work at low temperatures, where we can safely assume that only the ground state
is occupied. Indeed in the absence of thermal excitations, higher energy states cannot be accessed
kinematically. While, this assumption does not completely hold for an interacting Bose Gas [225,
262, 437], the resulting deviations from the zero-temperature result depend on the strength of the
interactions and can be assumed to be insignificant for a weakly interacting gas. This implies that
we will only use the tree-level action to satisfy the equation of motion, since that is consistent with
Goldstone’s theorem. In doing so, we are ignoring the contribution of the one-loop correction to the
equation of motion, such that our results are not fully self-consistent. This is a sacrifice which must
be made given our constraints.
In Sec. 6.2 we will work out the microphysics of a Bose gas having contact interactions. We shall
not restrict ourselves to a particular kind of interactions and allow for general n-body interactions.
This will allow us to understand the dependence of the EFT description on the particular interactions. We will first work out the form of the dispersion relation and sound speed in the absence of
any superflow, and then generalize our results to include a superflow. Since the dispersion relation
takes a very complicated form in the presence of a superflow, in that case we shall restrict ourselves
to the limit where the superflow is much smaller than the sound speed.
Subsequently, in Sec. 6.4 we will work out the various contributions to the EFT Lagrangian,
namely the thermal, zero-point and tree-level energies. As mentioned above, we shall work close to
the T = 0 limit since in that case the normal fluid description is dominated by phonons, with a linear
dispersion relation. The thermal part of the effective action can only be computed analytically for
a linear dispersion relation and not for a more complicated one.
Finally, in Sec. 6.5 we will see the relationship between the various EFT variables that must be
satisfied in order for the EFT description to be valid. One of the constraints comes from the fact that
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the relative velocity of the superfluid and the normal fluid cannot exceed the sound speed without
the superfluid description breaking down. The second comes the fact that at temperatures T & mc2s ,
the energy of the thermal bath is enough to cause the phonon description of the superfluid to break
down and the quartic term in the dispersion relation to become important.

6.2

Microphysics

The derivation in this section will be rather similar to that in Chapter 5 with the difference being
that we will ignore the fourth-order terms in this Chapter and will sacrifice self-consistency by only
using the tree-level terms to satisfy the Euler-Lagrange equation of motion.
Our starting point is the Lagrangian for a complex scalar field having only contact interactions:

L = ∂µ Φ∗ ∂ µ Φ − U (|Φ|) ,

(6.1)

where we consider potentials U (|Φ|) having a U (1) symmetry and are functions only of |Φ|2 . We
use the following decomposition to split the field into the condensate and the excitations:
eiψ(x)
Φ = √ [(ρ1 + φ1 ) + i(ρ2 + φ2 )] ,
2

(6.2)

where ρ1 , ρ2 represent the condensate (zero momentum modes), and φ1 , φ2 represent the excitations.
Owing to the U (1) symmetry, we have a freedom in choosing the condensate such that the sum
ρ21 + ρ22 ≡ ρ2 is a constant. For simplicity, we choose ρ1 = ρ2 =

√ρ .
2

The time and spatial derivatives

of the phase ψ(x) are related to the chemical potential, µ, and the superflow (relative velocity of
superfluid and normal fluid), ~vs , as

∂µ ψ = µ, −µ~vs .

(6.3)

We evaluate the Lagrangian order by order in terms of the excitations. The zeroth-order contribution
is
L(0) =

ρ2
∂µ ψ∂ µ ψ − U (ρ) ,
2
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where U (ρ) is the potential evaluated at φ1 = φ2 = 0. Since the first-order terms make no contribution to the effective action, we ignore them. The second-order terms are given by
L(2) =


1
1
(∂µ φ1 ∂ µ φ1 + ∂µ φ2 ∂ µ φ2 ) + ∂µ ψ∂ µ ψ φ21 + φ22 + (φ1 ∂µ φ2 − ∂µ φ1 φ2 )∂ µ ψ − U (2) (φ) . (6.5)
2
2

Next, we wish to find the dispersion relations associated with these excitations. In order to do
that, we write the second order action in terms of a characteristic mass matrix whose eigenvalues
represent the dispersion relations,
S (2) =
where, as before, Mij =

δ2 S
δφi (x)φj (y) .

1
2

Z

d4 xd4 y φi (x)Mij φj (y) ,

(6.6)

We now express the fields in Fourier space as
d4 k
φ̃i (k)eik·x ,
(2π)4

(6.7)

d4 k
fij φ̃j (k) ,
φ̃i (−k)M
(2π)4

(6.8)

Z
φi (x) =
so that the second order action becomes
S

(2)

Z
=

with the Fourier transform of the mass matrix being
!!
0
U
1
00
2
2
µ
f
U +
;
M11 = ω − k + ∂µ ψ∂ ψ −
2
ρ



0
f12 = 2iµ(ω − ~vs · ~k) − 1 U 00 − U
;
M
2
ρ
!!
0
1
U
00
~
f
M21 = −2iµ(ω − ~vs · k) −
U −
;
2
ρ
!!
0
1
U
00
2
2
µ
f22 = ω − k + ∂µ ψ∂ ψ −
M
U +
,
2
ρ
0

(6.9a)
(6.9b)
(6.9c)
(6.9d)

00

where U and U are derivatives of U (ρ) with respect to ρ. We first evaluate the dispersion relations
for ~vs = 0, in which case ∂µ ψ∂ µ ψ = µ2 . The dispersion relations are solutions to det S (2) = 0, which
gives
0

ω4 − ω2

U
2µ2 + 2k 2 + U +
ρ
00

!

0



+ µ2 − k 2 − U
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00



U
µ2 − k 2 −
ρ

!
= 0.

(6.10)
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The solutions to this equation are
2
ω±

1
=k +µ +
2
2

2

0

U
U +
ρ
00

!

v
u
u
± t2µ2

0

2k 2

U
+U +
ρ
00

!

1
+
4

0

U
U −
ρ
00

!2
.

(6.11)

We expect ω− to be a massless mode in accordance with Goldstone’s theorem, since the potential
U (|Φ|) is U (1)-invariant. Thus, we impose the condition
lim ω− = 0 .

(6.12)

k→0

Evidently, this can be satisfied either with

0

U
ρ2

00

= µ2 , or U = µ2 . To understand which one of these

two conditions should be applied, let us focus on potentials of the form
U (Φ) = m2 |Φ|2 +

λn 2n
|Φ| ,
n

(6.13)

where n is an integer and n ≥ 2. The first term is the usual mass term, while the second term
represents n-body contact interactions. While in general one expects multiple kinds of interactions,
as long as one kind dominates over the others, this form of the potential should be appropriate. For
the above potential, it follows that
0

U
U − 2 = 2(n − 1)
ρ
00



ρ2
2

n−1
,

(6.14)

00

and thus, U < U /ρ. This allows us to set
0

U
= µ2 .
ρ

(6.15)

It is easy to check that this condition also follows from extremizing the derivative of (6.4). This
is a consistency check since the Goldstone mode should be consistent with the equation of motion,
evaluated at tree level. The dispersion relation for the gapless mode then becomes
v


u
u
u
k2
16µ4 k 2
 00

ω− = u
U − µ2 + 
2  .
t 00
00
U + 3µ2
2
U + 3µ
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To simplify this further we need the form of the potential U . For the form (6.13), and using (6.15),
we find the following relation:


ρ2
2

(n−1)
=

µ2 − m2
.
λn

(6.17)

This can now be used to express the second derivative, U 00 , evaluated at φ in terms of the chemical
potential, µ:
00

U = m2 + (2n − 1)(µ2 − m2 ) .

(6.18)

At this stage it is convenient to introduce the non-relativistic chemical potential, µ̃ which is related
to the relativistic potential by the simple relation
µ̃ = µ − m ,

(6.19)

In the non-relativistic limit, µ̃  µ, which implies µ ' m. Thus (6.18) becomes
00

U ' m2 + 2(2n − 1)µ̃m .

(6.20)

Using this relation, (6.16) can be approximated as
s
ω− '

k2
2m



k2
2(n − 1)µ̃ +
.
2m

(6.21)

In the limit k → 0, this reduces to
r
ω− ' cs k;

with

cs =

(n − 1)µ̃
=
m

s

This matches the expected linear dispersion relation of phonons.
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00

U − µ2
00

U + 3µ2

.
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6.3

Including Superflow

Going back to (6.9), we now consider the effect of a non-zero superfluid velocity ~vs . The characteristic
equation now becomes
!
0
U
ω 4 − ω 2 4µ2 − 2X + 2k 2 + U +
+ 8ωµ2~vs · ~k
ρ
!
0


U
00
2
2
− 4µ2~vs · ~k = 0 ,
+ X −k −U
X −k −
ρ
00

(6.23)

where X = ∂µ ψ∂ µ ψ. Once again we impose (6.12) to get
0

U
= X = µ2 (1 − vs2 ) ,
ρ

(6.24)

which modifies (6.17) to


ρ2
2

(n−1)
=

X − m2
.
λn

(6.25)

The second derivative of U is also modified to
00

U = m2 + (2n − 1)(X − m2 ) .

(6.26)

In particular, if the superflow is much slower than the speed of light, i.e., vs  1, this reproduces
our earlier result (6.20).
Going back to (6.23), we are interested in finding the dispersion relation for the gapless mode.
In order to do that, we ignore the ω 4 term and solve the quadratic equation by Taylor-expanding it
in k. This gives us
4µ2~vs .~k + 2µk
ω'

r
q
00
U − X − 4µ2 vs2 cos2 θ 1 +

00

U −X
4µ2

+

4µ2 vs2
00
U −X−4µ2 vs2

00

U − X + 4µ2

,

(6.27)

where θ is the angle between ~vs and ~k. While this form of the dispersion relation is quite complicated,
it can be simplified by working in the the limit cs  vs , with the result:
s
00
U −X
ω ' cs k + ~vs · ~k;
with cs '
.
00
U + 3X
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In particular, for the usual n = 2 case, the sound speed becomes
r
cs '

X − m2
'
3X − m2

r

µ̃
,
m

(6.29)

which agrees with the standard result derived in (2.31).

6.4

Non-Relativistic EFT

The Lagrangian and the particular choice of the potential U (|Φ|) give us information about the
microphysics of the bosonic gas under study. In this Section, we will write the effective action in
terms of an F (X, b, y) EFT, where the variables are [317]
X = ∂µ ψ∂ µ ψ ;

y = µ;

b = s.

(6.30)

In the non-relativistic limit, it makes sense to separate out the mass term contribution to ψ:
ψ = mt + π ,

(6.31)

where, π̇ is small compared to ∇ψ. Thus X ' m2 + 2mπ̇ − (∇π)2 , which leads us to define a
non-relativistic piece XNR ≡

1
2m


X − m2 , such that
XNR ≡ π̇ −

(∇π)2
X − m2
=
.
2m
2m

(6.32)

We also want to write the sound speed and the superflow in terms of these EFT variables. For sound
speed, we use (6.22) to obtain
s
cs =

(n − 1) (X − m2 )
,
(n + 1)X − (n − 1)m2

(6.33)

while for the superflow we use (6.24) to obtain
s
vs =

1−
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.
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6.4.1

Thermal Effective Action

Our task is to express every term in the superfluid free energy in terms of the X, y, b variables. Let
us start with the thermal part of the effective action, given by (3.44),
Vthermal =

1
β

Z


d3 k
ln 1 − e−βω− .
3
(2π)

(6.35)

While this integral can easily be evaluated for a linear dispersion relation and gives the well known
T 4 dependence, it does not have an analytic form in the general case. The linear case is also
consistent with the low temperature limit since then it is predominantly the phonons whose statistical
distribution constitutes the normal fluid. At higher temperatures, other excitations also become
important and modify the dispersion relation.
Using (6.28), it is straightforward to evaluate the above integral to obtain
Vthermal = −

π2 T 4
cs
.
2
90 (cs − vs2 )2

(6.36)

Instead of T , we want to express the thermal action in terms of the conjugate variable b = s, namely
the entropy density, using the relation
∂V
= −T .
∂s

(6.37)

Since only the thermal part of the effective action contributes to entropy, we obtain
π2
cs
dT 4
=T.
2
2
2
90 (cs − vs ) ds

(6.38)

The differential equation can easily be integrated to give
π2
cs
2
90 (cs − vs2 )2

T

Z

4T 2 dT =

0

Z

s

ds ,

(6.39)

0

which gives us the variable b in terms of T .
b≡s=

2π 2 cs T 3
2

135 (c2s − vs2 )
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Substituting this back into (6.36), we obtain
Vthermal

3
=−
4



135
2π 2

1/3

c2s − vs2

2/3

1/3
cs

b4/3 ,

(6.41)

where cs and vs should be expressed in terms of X and y using (6.33) and (6.34).
For example, for the usual n = 2 case, we obtain
Vthermal

3
=−
4



135
2π 2

1/3

2/3
2X(2m2 − y 2 )
b4/3 .
y 4/3 (3X − m2 )1/2 (X − m2 )1/6


(6.42)

Since y ' m and X ' m2 , this can be approximated as
Vthermal

3
=−
4

√ !1/3 
1/6
135 2
m
b4/3 .
π2
XNR

(6.43)

Let us summarize the assumptions that went into this result. To express the thermal effective
action in terms of the EFT variables X, y, b, we worked in the non-relativistic regime where the
dispersion relation becomes approximately linear in k, because the integral in (6.35) cannot be
computed in closed form for a general dispersion relation. In turn, this motivated our assumption
of low temperature, so that the equation of motion satisfied only by the tree-level energy is natural,
since the more general solution of the motion will give rise to a dispersion relation that has a more
complicated form rendering the thermal integral not explicitly computable. In principle, though,
the above method can be used to numerically calculate the thermal action for general dispersion
relations.

6.4.2

Zero Point Energy

Next, let us turn to the zero-point energy, which is given by (5.5)
Z
VZP =

d3 k ω+ + ω−
.
(2π)3
2

(6.44)

This takes a somewhat complicated form in the fully relativistic case. In the non-relativistic limit,
however, this is much easier to evaluate. Firstly, since ω+ ' 2m is approximately constant, its
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contribution to the zero-point energy amounts to a constant shift in the overall energy, leaving no
finite part in dimensional regularization. The contribution of ω− is a bit trickier to evaluate. If we
use (6.28) for the gapless mode, then there is no finite contribution of this integral in dimensional
regularization. If, however, we use the form
s
 2

k2
k
ω− =
+ 2mcs − ~vs · ~k ,
2m 2m

(6.45)

we do get a non-zero answer from dimensional regularization, with result
5/2

VZP = −

8m4 cs
15π 2

.

(6.46)

Here we have used the results of [34] to compute the integral. In terms of the EFT variables, in the
n = 2 case, this becomes
VZP

8
m4
=−
15π 2



XNR
m

5/4
.

(6.47)

Notice that the form of the zero-point Lagrangian scales as X 5/2 , which interestingly is the same as
the tree-level term for a Unitary Fermi Gas [393]. Interestingly the X 5/2 scaling is more generally
for any n, i.e., it is insensitive to the kind of contact interactions.

6.4.3

Tree-Level Energy

Lastly, we must express the tree-level energy in terms of the EFT variables. Using (6.4), the tree-level
energy in terms of the microphysical variables is
Vtree =


ρ2
∂µ ψ∂ µ ψ − m2 − λn ρ2n .
2

(6.48)

Using (6.25), this becomes

Vtree =

n−1
n



1
n
2 nλn

1
 n−1

X − m2

n
 n−1

.

(6.49)

For n = 2, in particular, this takes the simplified form
Vtree =

(X − m2 )2
m4
=
8λ2
2λ2
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m
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.
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6.5

Regime of Validity

Equations (6.41), (6.46) and (6.49) give the desired general expressions of the superfluid description
in terms of the EFT variables X, y, b. For the particular case of n = 2 contact interactions, these
are given by (6.43), (6.47) and (6.50). The simplifying assumptions underlying our calculation were
the non-relativistic approximation together with the low-temperature regime.
In this Section we would like to briefly comment on the regime of validity of this effective
description. For starters, we recall that superfluidity breaks down whenever the relative velocity
between the superfluid phase and an external particle is greater than some critical velocity. As it
turns out, this critical velocity is equal to the sound speed of the superfluid. Thus, we should expect
superfluidity to break down whenever vs > cs . This fact can be used to express the regime of validity
in terms of the EFT variables. Using (6.33) and (6.34), the requirement that vs < cs gives
(n − 1)(X − m2 )
X
&1− 2 .
(n + 1)X − (n − 1)m2
y

(6.51)

Another constraint on the EFT variables comes from temperature. The usual 1-loop correction to
the effective action breaks down around T = mc2s , since this corresponds to the crossover energy
between the phonon and the particle regimes in dispersion relations of the form ω 2 = c2s k 2 +

k4
4m2 .

This requirement that T ≤ mc2s gives

b.

2π 2
135

1/3 

cs
2
(cs − vs2 )2

1/3

mc2s .

(6.52)

The inequalities (6.51) and (6.52) are necessary conditions for the validity of our EFT.

6.6

Outlook

In this Chapter we worked out the EFT description of a superfluid comprised of interacting bosons.
We only worked at temperatures close to T = 0 to ensure that problems related to the well-known
Hohenberg-Martin dilemma can be avoided. We obtained an EFT description of superfluids involving
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just the three variables — X, b and y. We first worked out the dispersion relation in the absence
of superflow, and subsequently generalized the derivation to include a superflow. In the process,
we saw that the dispersion relation takes a relatively complicated form, which can be simplified
by ignoring all non-linear effects in the limit cs  vs . We applied these results to re-express the
different contributions to the one-loop effective action, derived in Chapters 3 and 5, in terms of the
EFT variables. Finally, we derived two inequalities which must be satisfied to ensure the validity of
this EFT description.
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Conclusions
Dark matter (DM) is by now established as a pillar of modern cosmology, yet its fundamental nature
remains unknown. As we saw in Chapter 1, the evidence for DM comes from a variety of sources,
including the CMB and LSS. A known property of DM from observations on the largest scales is
that it must behave as a cold, collisionless fluid. Indeed, the standard ΛCDM model provides an
exquisite fit to a host of cosmological observations. This model assumes the simplest form of DM
— a single species of (effectively) collisionless particles, such as WIMPs or axions. On the other
hand, large-scale observations only probe the hydrodynamical limit of DM; any perfect fluid with
sufficiently small pressure and sound speed would do equally well at fitting the data on those scales.
There is therefore ample room for new physics on non-linear scales, particularly in galaxies.
Indeed, there are a number of challenges on small scales that are yet to be satisfactorily resolved.
It is somewhat ironic that, despite being the first systems to provide definitive evidence of a mass
discrepancy [367], galaxies remain the most difficult to understand in the ΛCDM context. This is
largely due to complex baryonic feedback processes that play a role in their formation. Intriguingly,
in spite of this complexity, baryons and DM in galaxies seem to conspire in various unexpected ways,
through various empirical scaling relations. A particularly fascinating one is the Mass DiscrepancyAcceleration Relation(MDAR), according to which the density profile of baryons is sufficient to
determine a galaxy’s rotational profile. Other scaling relations, namely the Baryonic Tully-Fisher
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relation (BTFR) and the Central Surface Density Relation (CSDR), are immediate consequences of
the MDAR.
The observed properties of galaxies are succinctly encapsulated by the MOdified Newtonian
Dynamics (MOND) empirical law. Although originally promoted as an alternative to DM, this
radical possibility seems less and less likely. The MOND paradigm does not work in galaxy clusters
without additional unseen mass, it has some problems at subgalactic scales [227], and, last but not
least, it cannot a priori explain the angular power spectrum of the CMB without a non-baryonic
component. However, as an empirical statement the success of the MOND fitting formula law in
galaxies is unequivocal. The characteristic acceleration scale a0 is in the data. Even if DM is made
of the most standard, run-of-the-mill WIMPs, its density profile in galaxies must at the end of the
day conform to the MOND empirical law.
The central theme of this Thesis is that the success of the MOND law is not an accident, but that
it instead offers a critical window into the underlying microphysics of DM and its interactions with
baryons. In short, the broad objective of this Thesis is to understand how the MOND empirical law
can emerge from DM-baryon interactions. Concretely, we explored two novel theories — superfluid
DM and baryon-interacting DM — that aim to resolve these small scale problems while preserving
the success of CDM on large scales.
Chapter 2 introduced the theory of superfluid DM. The model relies on DM bosonic particles,
which behave as a cold, collisionless fluid on large scales. As non-linear structures form, the increase
in DM density triggers a phase transition to a superfluid phase. The model requires DM to be
sufficiently light and to have strong enough self-interactions to reach thermal equilibrium and form
a BEC in the central regions of galaxies. We argued that a DM bosonic gas having predominant
3 → 3 interactions can replicate the MOND action. Superfluidity (and along with it MOND)
only occurs in sufficiently low-mass halos, in which the DM temperature (set by the DM velocity
dispersion) is below critical. Massive galaxy clusters are above critical temperature, and DM is in the
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normal phase. Thus the framework successfully distinguishes galaxies (where MOND is successful)
from galaxy clusters (where MOND is not). We used the specific superfluid equation of state of
this gas to determine the DM density profile and figure out the astrophysical consequences of this
theory.
In Chapter 3 we dealt with the problem of determining the density profile of superfluid DM taking
into account finite-temperature effects. We encountered some technical difficulties in calculating the
one-loop action in Sec. 3.1, and applied Yukalov’s proposal of two chemical potentials to resolve this
problem. This allowed us to compute the finite-temperature equation of state in (3.44) and (3.85).
Using this equation of state and the assumption of hydrostatic equilibrium, we calculated the density
profiles of superfluid DM for some fiducial parameter values.
Looking forward, we should include the contribution from realistic baryon distributions, as well
as consider a transition to an approximately collisionless profile (such as the NFW profile) in the
outer parts of the halo where the DM density is not sufficient for thermalization. Additionally,
even though the Hamiltonian used in Chapter 3 has the same power-law as the Bekenstein-Milgrom
action, it is off by a sign, and a more complicated Hamiltonian proposed in [70, 71] gives the correct
phonon action. It would be interesting to derive the self-consistent finite-temperature equation of
state and the corresponding DM density profile for that more realistic model in future work.
In Chapter 4 we studied the theory of baryon-interacting DM. Unlike the superfluid DM model
where we relied on long-range interactions to obtain the MDAR, the baryon-interacting DM model
relies on short-range interactions. Using the scaling symmetries of the Boltzmann transport equation,
we showed that this model reproduces the MDAR if the following three conditions are satisfied:
1. The equation of state is that of an ideal gas.
2. The relaxation time is set by the Jeans time, trelax ∼
3. The heating rate scales as

Ė
m

∼ Ca0 v ρρb .
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Specifically we showed how the above conditions give rise to the MDAR at equilibrium for a cored
pseudo-isothermal profile. We also worked out the asymptotic rotational velocity and showed that
it matches the BTFR, up to a logarithm in r. Further, we showed this model gives rise to the CSDR
for both HSB and LSB galaxies.
The framework of baryon-interacting DM offers a number of avenues for further development.
Three particularly important directions are:
• Including the dynamics of baryons: In this framework we focused our attention on the
dynamics of the DM sector, treating baryons as an external source. This is a reasonable
approximation provided that the typical energy lost by a baryon is not significant enough to
affect its dynamics over the time scales of interest. Using the expression (4.24) for our heating
rate Ė, one can estimate the energy lost by a baryon per unit length to be

dEb
d`

&

Cmb a0 v
.
Vb

Even keeping in mind that C ∼ O(10−1 ), this quantity could become large enough in some
LSBs, and a more accurate treatment would require including the dynamics of baryons.
• Numerical simulations of galaxy formation: The baryon-interacting DM scenario is ripe
for a fully dynamical study of galaxy formation. Because the equations are cast in simple
hydrodynamical terms, it should be straightforward to modify existing hydrodynamical codes
to include our heating rate. For this purpose, the formulation in terms of entropy density
presented in Sec. 4.4.4 may be most convenient. Such numerical studies would inform us,
among other things, on the stability of the equilibrium solution, in particular whether the
outskirts of galaxy disks are not too severely perturbed by interactions with DM. It would allow
us to check whether the equilibrium configuration is reached dynamically on the predicted time
scale. Furthermore, such an analysis would also allows us to quantify the expected scatter for
the BTFR, in particular for the characteristic scale R0 appearing in the logarithm.
• Building a particle physics model: In Chapter 4 we have adopted a purely bottom-up
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approach based on an effective hydrodynamical description of the DM sector. It would be very
interesting to deduce what type of constraints the heating rate (4.24) poses on the underlying
microscopic interactions between baryons and DM. One promising way of ensuring that the
scenario is compatible with small-scale (e.g., solar system) constraints would be to consider
interactions that involve collective excitations emerging at scales of O(pc). We leave the
exploration of this interesting possibility for future work.
In Chapter 5 we revisited the problem of describing a BEC through a scalar field exhibiting
spontaneous symmetry breaking that we first saw in Chapter 3. The usual self-consistent framework
of the CJT formalism leads to a pathology, which can either be resolved by sacrificing self-consistency
or by introducing ad hoc terms or constraints. We performed a self-consistent one-loop calculation
in the two chemical potential framework to resolve this problem. The results obtained in (5.33)
and (5.48) are consistent with the usual CJT calculation without any of the aforementioned problems.
Looking forward, it will be interesting to understand the commonalities between the various
approaches. Since there are various ways which have been tried out in the literature, it would
be interesting to find out the extent to which the final results depend on the particular strategy.
Another possibility is to go beyond the HFB approximation, although this would be significantly
more complicated since it would involve the inclusion of the “sunset” diagram.
Finally, in Chapter 6 we worked out the EFT description of a superfluid at temperatures close
to T = 0. Starting with the microphysics, we mapped the Lagrangian to an F (X, b, y) theory through
the various components of the effective action. The results of (6.41), (6.46) and (6.49) together give
an EFT description of a superfluid having n-body contact interactions. We also carefully specified
the regime of validity of this EFT description in Sec. 6.5, which puts constraints on the allowed
range of parameters.
The equations of state worked out in Chapter 6 will allow us to determine the behavior of a
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variety of superfluids, assuming they form a DM halo. Working these out numerically, it will be
interesting to see if they can help alleviate some of the small-scale problems associated with CDM.
Additionally, the zero point energy (6.46), interestingly, has the same form as that of a Unitary
Fermi Gas, regardless of the superfluid under consideration. This coincidence is worth investigating.
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M. Steinmetz. Dwarf galaxies and the cosmic web. The Astrophysical Journal, 763(2):L41,
2013.

[69]

L. Berezhiani, B. Famaey, and J. Khoury. Phenomenological consequences of superfluid dark
matter with baryon-phonon coupling. JCAP, 09:021, 2018.

[70]

L. Berezhiani and J. Khoury. Theory of dark matter superfluidity. Phys. Rev. D, 92:103510,
2015.

[71]

L. Berezhiani and J. Khoury. Dark Matter Superfluidity and Galactic Dynamics. Phys. Lett.
B, 753:639–643, 2016.

[72]

V. Berezinsky, A. Bottino, and G. Mignola. High-energy gamma radiation from the galactic
center due to neutralino annihilation. Phys. Lett. B, 325:136–142, 1994.

[73]

L. Bergstrom, P. Ullio, and J. H. Buckley. Observability of gamma-rays from dark matter
neutralino annihilations in the Milky Way halo. Astropart. Phys., 9:137–162, 1998.

[74]

A. Berlin, D. Hooper, G. Krnjaic, and S. D. McDermott. Severely Constraining Dark Matter
Interpretations of the 21-cm Anomaly. Phys. Rev. Lett., 121(1):011102, 2018.

[75]

J. Bernstein and S. Dodelson. Relativistic Bose gas. Phys. Rev. Lett., 66:683–687, 1991.

[76]

G. Bertone, D. Hooper, and J. Silk. Particle dark matter: Evidence, candidates and constraints. Phys. Rept., 405:279–390, 2005.

[77]

M. Betoule et al. Improved cosmological constraints from a joint analysis of the SDSS-II and
SNLS supernova samples. Astron. Astrophys., 568:A22, 2014.

[78]

L. Blanchet. Dipolar Particles in General Relativity. Class. Quant. Grav., 24:3541–3570, 2007.

[79]

L. Blanchet and A. Le Tiec. Dipolar Dark Matter and Dark Energy. Phys. Rev. D, 80:023524,
2009.

[80]

G. R. Blumenthal, S. M. Faber, J. R. Primack, and M. J. Rees. Formation of galaxies and
large-scale structure with cold dark matter. Nature, 311:517–525, 1984.

[81]

G. R. Blumenthal, H. Pagels, and J. R. Primack. Galaxy formation by dissipationless particles
heavier than neutrinos. Nature, 299(5878):37–38, 1982.

[82]

P. Bode, J. P. Ostriker, and N. Turok. Halo formation in warm dark matter models. Astrophys.
J., 556:93–107, 2001.

[83]

C. G. Boehmer and T. Harko. Can dark matter be a Bose-Einstein condensate?
06:025, 2007.

[84]

N. N. Bogolubov and N. N. J. Bogolubov. Introduction to quantum statistical mechanics.
World Scientific Pub Co Inc, Singapore, 2009.

[85]

N. N. Bogolyubov. On the theory of superfluidity. J. Phys. (USSR), 11:23–32, 1947.

[86]

J. R. Bond, A. S. Szalay, and M. S. Turner. Formation of galaxies in a gravitino-dominated
universe. Phys. Rev. Lett., 48:1636–1639, 1982.

180

JCAP,

Bibliography
[87]

S. Bose et al. No cores in dark matter-dominated dwarf galaxies with bursty star formation
histories. Mon. Not. Roy. Astron. Soc., 486(4):4790–4804, 2019.

[88]

S. N. Bose. Planck’s law and light quantum hypothesis. Z. Phys., 26:178–181, 1924.

[89]

A. Boveia and C. Doglioni. Dark Matter Searches at Colliders. Ann. Rev. Nucl. Part. Sci.,
68:429–459, 2018.

[90]

J. D. Bowman, A. E. E. Rogers, R. A. Monsalve, T. J. Mozdzen, and N. Mahesh. An absorption
profile centred at 78 megahertz in the sky-averaged spectrum. Nature, 555(7694):67–70, 2018.

[91]

M. Boylan-Kolchin, J. S. Bullock, and M. Kaplinghat. Too big to fail? The puzzling darkness
of massive Milky Way subhaloes. MNRAS, 415(1):L40–L44, 2011.

[92]

M. Boylan-Kolchin, J. S. Bullock, and M. Kaplinghat. The Milky Way’s bright satellites as
an apparent failure of ΛCDM. MNRAS, 422(2):1203–1218, 2012.

[93]

M. Boylan-Kolchin, V. Springel, S. D. M. White, A. Jenkins, and G. Lemson. Resolving
cosmic structure formation with the millennium-ii simulation. Monthly Notices of the Royal
Astronomical Society, 398(3):1150–1164, 2009.

[94]

J. D. Bradford, M. C. Geha, and M. R. Blanton. A Study in Blue: The Baryon Content of
Isolated Low-mass Galaxies. ApJ, 809(2):146, 2015.

[95]

T. Braine et al. Extended Search for the Invisible Axion with the Axion Dark Matter Experiment. Phys. Rev. Lett., 124(10):101303, 2020.

[96]

P. Brax, C. Burrage, and A.-C. Davis. Screening fifth forces in k-essence and DBI models.
JCAP, 01:020, 2013.

[97]

A. M. Brooks, M. Kuhlen, A. Zolotov, and D. Hooper. A baryonic solution to the missing
satellites problem. The Astrophysical Journal, 765(1):22, 2013.

[98]

L. S. Brown. Quantum field theory. Cambridge University Press, 1994.

[99]

J.-P. Bruneton and G. Esposito-Farese. Field-theoretical formulations of MOND-like gravity.
Phys. Rev. D, 76:124012, 2007. [Erratum: Phys.Rev.D 76, 129902 (2007)].

[100] G. L. Bryan and M. L. Norman. Statistical Properties of X-Ray Clusters: Analytic and
Numerical Comparisons. ApJ, 495(1):80–99, 1998.
[101] W. Buchmuller and F. Hoogeveen. Coherent Production of Light Scalar Particles in Bragg
Scattering. Phys. Lett. B, 237:278–283, 1990.
[102] D. Budker, P. W. Graham, M. Ledbetter, S. Rajendran, and A. Sushkov. Proposal for a
Cosmic Axion Spin Precession Experiment (CASPEr). Phys. Rev. X, 4(2):021030, 2014.
[103] J. S. Bullock. Notes on the Missing Satellites Problem. arXiv e-prints, page arXiv:1009.4505,
2010.
[104] J. S. Bullock and M. Boylan-Kolchin. Small-Scale Challenges to the ΛCDM Paradigm. Ann.
Rev. Astron. Astrophys., 55:343–387, 2017.
[105] J. S. Bullock, T. S. Kolatt, Y. Sigad, R. S. Somerville, A. V. Kravtsov, A. A. Klypin, J. R.
Primack, and A. Dekel. Profiles of dark haloes: evolution, scatter and environment. MNRAS,
321(3):559–575, 2001.
181

Bibliography
[106] A. Burkert. The Structure and evolution of weakly selfinteracting cold dark matter halos.
Astrophys. J. Lett., 534:L143–L146, 2000.
[107] C. Burrage and J. Khoury. Screening of scalar fields in Dirac-Born-Infeld theory. Phys. Rev.
D, 90(2):024001, 2014.
[108] K. E. Cahill. An Effective potential that is real. Phys. Rev., D52:4704–4717, 1995.
[109] R.-G. Cai and S. P. Kim. First law of thermodynamics and Friedmann equations of FriedmannRobertson-Walker universe. JHEP, 02:050, 2005.
[110] R.-G. Cai, T.-B. Liu, and S.-J. Wang. Gravitational wave as probe of superfluid dark matter.
Phys. Rev., D97(2):023027, 2018.
[111] F. Calura, N. Menci, and A. Gallazzi. The ages of stellar populations in a warm dark matter
universe. Mon. Not. Roy. Astron. Soc., 440(3):2066–2076, 2014.
[112] B. J. Carr and S. W. Hawking. Black holes in the early Universe. MNRAS, 168:399–416, 1974.
[113] F. Chadha-Day, J. Ellis, and D. J. E. Marsh. Axion Dark Matter: What is it and Why Now?
5 2021.
[114] P. M. Chaikin and T. C. Lubensky. Principles of Condensed Matter Physics. Cambridge
University Press, Cambridge, U.K., 1995.
[115] S. Chandrasekhar. An introduction to the study of stellar structure. 1939.
[116] S. Chandrasekhar. An introduction to the study of stellar structure. The University of Chicago
press, Chicago, Ill., 1939.
[117] S. Chang, C. Hagmann, and P. Sikivie. Studies of the motion and decay of axion walls bounded
by strings. Phys. Rev. D, 59:023505, 1999.
[118] P.-H. Chavanis. Mass-radius relation of Newtonian self-gravitating Bose-Einstein condensates
with short-range interactions. I. Analytical results. Phys. Rev. D, 84(4):043531, 2011.
[119] D. Clowe, M. Bradac, A. H. Gonzalez, M. Markevitch, S. W. Randall, C. Jones, and D. Zaritsky. A direct empirical proof of the existence of dark matter. Astrophys. J. Lett., 648:L109–
L113, 2006.
[120] D. Clowe, A. Gonzalez, and M. Markevitch. Weak lensing mass reconstruction of the interacting cluster 1E0657-558: Direct evidence for the existence of dark matter. Astrophys. J.,
604:596–603, 2004.
[121] S. Cole et al. The 2dF Galaxy Redshift Survey: Power-spectrum analysis of the final dataset
and cosmological implications. Mon. Not. Roy. Astron. Soc., 362:505–534, 2005.
[122] S. R. Coleman and E. J. Weinberg. Radiative Corrections as the Origin of Spontaneous
Symmetry Breaking. Phys. Rev., D7:1888–1910, 1973.
[123] A. Conley, J. Guy, M. Sullivan, N. Regnault, P. Astier, C. Balland, S. Basa, R. G. Carlberg,
D. Fouchez, D. Hardin, and et al. Supernova constraints and systematic uncertainties from
the first three years of the supernova legacy survey. The Astrophysical Journal Supplement
Series, 192(1):1, 2010.
182

Bibliography
[124] R. Contino. The Higgs as a Composite Nambu-Goldstone Boson. In Theoretical Advanced
Study Institute in Elementary Particle Physics: Physics of the Large and the Small, 5 2010.
[125] J. Cooley. Overview of Non-Liquid Noble Direct Detection Dark Matter Experiments. Phys.
Dark Univ., 4:92–97, 2014.
[126] J. M. Cornwall, R. Jackiw, and E. Tomboulis. Effective Action for Composite Operators.
Phys. Rev., D10:2428–2445, 1974.
[127] R. A. Cowley and A. D. B. Woods. Neutron scattering from liquid helium at high energies.
Phys. Rev. Lett., 21:787–789, 1968.
[128] G. E. Cragg and A. K. Kerman. Complex Chemical Potential: Signature of Decay in a BoseEinstein Condensate. Phys. Rev. Lett., 94:190402, 2005.
[129] P. Creasey, O. Sameie, L. V. Sales, H.-B. Yu, M. Vogelsberger, and J. Zavala. Spreading out
and staying sharp - creating diverse rotation curves via baryonic and self-interaction effects.
MNRAS, 468(2):2283–2295, 2017.
[130] C. Creque-Sarbinowski, L. Ji, E. D. Kovetz, and M. Kamionkowski. Direct millicharged dark
matter cannot explain the EDGES signal. Phys. Rev., D100(2):023528, 2019.
[131] K. D. et al. Gaia Data Release 2. Mapping the Milky Way disc kinematics. A&A, 616:A11,
2018.
[132] R. Dave, D. N. Spergel, P. J. Steinhardt, and B. D. Wandelt. Halo properties in cosmological
simulations of selfinteracting cold dark matter. Astrophys. J., 547:574–589, 2001.
[133] K. B. Davis, M. O. Mewes, M. R. Andrews, N. J. van Druten, D. S. Durfee, D. M. Kurn,
and W. Ketterle. Bose-Einstein condensation in a gas of sodium atoms. Phys. Rev. Lett.,
75:3969–3973, 1995.
[134] M. Davis, G. Efstathiou, C. S. Frenk, and S. D. M. White. The evolution of large-scale
structure in a universe dominated by cold dark matter. ApJ, 292:371–394, 1985.
[135] R. L. Davis. Goldstone Bosons in String Models of Galaxy Formation. Phys. Rev. D, 32:3172,
1985.
[136] W. J. G. de Blok. The Core-Cusp Problem. Advances in Astronomy, 2010:789293, 2010.
[137] W. J. G. de Blok and S. S. McGaugh. Does Low Surface Brightness Mean Low Density?
ApJL, 469:L89, 1996.
[138] W. J. G. de Blok, F. Walter, E. Brinks, C. Trachternach, S.-H. Oh, and R. C. Kennicutt,
Jr. High-Resolution Rotation Curves and Galaxy Mass Models from THINGS. Astron. J.,
136:2648–2719, 2008.
[139] A. Del Popolo. Dark matter and structure formation a review. Astron. Rep., 51:169–196,
2007.
[140] A. Del Popolo. Nonbaryonic Dark Matter in Cosmology. Int. J. Mod. Phys. D, 23:1430005,
2014.
[141] H. Desmond. A statistical investigation of the mass discrepancy–acceleration relation. Mon.
Not. Roy. Astron. Soc., 464(4):4160–4175, 2017.
183

Bibliography
[142] H. Desmond. The scatter, residual correlations and curvature of the SPARC baryonic TullyFisher relation. MNRAS, 472(1):L35–L39, 2017.
[143] H. Desmond. The scatter, residual correlations and curvature of the SPARC baryonic TullyFisher relation. Mon. Not. Roy. Astron. Soc. Letters, 472 (1):L35–L39, 2017.
[144] A. Di Cintio, C. B. Brook, A. V. Macciò, G. S. Stinson, A. Knebe, A. A. Dutton, and
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